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1 Appendix A

1.1 Proof of Proposition 1

Proof: 1) J(y, g) is bounded since u(c, k) is bounded.

2) Suppose that 0 < y; < y,. ¢*(y1,¢q) and h*(y;, q) are the optimal choices



for the intratemporal problem. We have

J(1,9) ulc* O, q), h* (1, q))

< ulc’O,q) +y2 =y, (1, 9)]

< J(yZ’ 6])

Thus J(y, g) is strictly increasing in y.

Forany yi,y, > 0and y, # y,, wehave (¢*(y1,¢), h*(y1, @) # (¢’ (2, @), h°(y2, 9)),
since u(c, h) is strictly increasing in ¢ and h. Since u(c, h) is strictly concave in

¢ and h, we have

J [y + (1= Dy q]
ulAc* (1, q) + (1 = D (2, @), A (31, q) + (1 = DR (v2, @)]
O, KoL)+ (1 - Dulc*(y2, ), h* (2, q)]

A1, q) + (1 = DJI(2, ),

\%

\%

for A € (0,1). Thus, J(y, g) is strictly concave in y.

3) By Theorem 3.6 (Theorem of the Maximum) posited by Stokey and Lucas
(1989), c*(y, q) and h’(y, g) are continuous in y € (0, 00).

If Case i1) of Assumption 2 holds, we have h*(y,q) = 0 and c*(y,q) = y.
Thus, c¢*(y, g) and h*(y, ¢) are increasing in y.

Next I will concentrate on Case i) of Assumption 2. In this case, we have

h*(y,q) > 0 and
7% [Cs(y’ Q)a hs(y’ q)] > q
123 [Cs(y’ Q), hs()’, Q)] -

for y € (0, 00). For 0 < y; < y», h*(y1,q) = 1 implies that #2*(y,,q) = 1. Suppose

that 42°(y,,q) < 1. Then c¢*(y1,q) < c*(y2,q). usuy — ujup > 0 implies that

ol =2 a2
% > 0. Additionally, uju; — uxuy > 0 implies that % < 0. Therefore, we

have
u [0, @), B (1, )] L [c* (2, @), B (2, )]
ur [0, @), (1, )] ur [¢* (2, @) B (¥2, )]
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We have a contradiction. Thus we have h*(y,,q) = 1. ¢*(y2,q9) = y.—q > y1—q =

Cs(yl s Q)
Suppose that #°(y, g) € (0, 1) for some y > 0. We have

w [0, ), B (v, )] = wi [, 9), K (3, 9)] g,

and
g +h Q. qq=y.

Thus, using the Implicit Function Theorem, we have

ac*(y, q) _ (U12up — upuy )i 20
dy (uioup — upuy)uy + (Uay — Uy Uz)up ’
and
oh*(y,q) _ (U 1uy — Uy uz)u, >0
3)’ (U12uy — uppuy)uy + (Up Uy — Uy U2) U ’

since upu; — uyjup > 0 and uuy — upu; > 0. Both ¢*(y, ¢) and h*(y, g) are
increasing in y.

4) To prove that J(y, g) is differentiable at y, € (0, 00), note that Assumption
2 implies that ¢y > 0, which in turn means that yo — h°(yg, €¢)qg > 0. Thus, for
any y belonging to a neighborhood D of yy, #*(yy, q) is still feasible. Define
H(y,q) on D as H(y,q) = uly — h*(vo, 9)q, h*(yo, €)]. Thus, H(y, q) is concave
and differentiable in y. Since h’(yy, q) is still feasible for all y € D, it follows

that

H(y,q) < max u(y —hg,h) = J(y,q),V¥y € D,

with equality at y,. Now any subgradient p of J(y, g) at y, must satisfy

Py —=yo0) 2 J(y,q) — (o, q) =2 H(y,q) — H(yo,q), Yy € D,

where the first inequality uses the definition of a subgradient and the second
uses the fact that H(y,q) < J(y,q), with equality at y,. Since H(y, q) is dif-

ferentiable at yy, p is unique. Following Theorem 25.1 posited by Rockafellar
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(1970), any concave function with a unique subgradient at an interior point y is
differentiable at yy. Thus, J(y, g) is differentiable at y,. Furthermore, we know
that Jy(yo,q) = Hi(vo,q) = 1 [¢*(Vo, 9), B’ (yo, @)] for yo € (0, ). From part 3)
of this proposition, c*(yy, g) and h’(yy, g) are continuous in yy € (0, c0). Thus,

J1(o, g) is continuous in yy € (0, 0). B

1.2 Proof of Proposition 2

Proof: 1) This is a direct result from Theorems 9.6, 9.7, and 9.8 from the work
of Stokey and Lucas (1989).

2) To prove that V(a, e) is differentiable at ay € (0, ), note that Assumption
2 implies that y, > 0, which in turn means that Ray + ew — a’(ag, ¢) > 0. Thus,
for any a belonging to a neighborhood D of ay, a’(ay, e) is still feasible. Define
W(a,e) on D as W(a,e) = J[Ra+ ew — a’(ay, e),ew] + BE[V(d'(ay, e), €')le].
Thus, W(a, e) is concave and differentiable in a. Since a’(ay, e) is still feasible

for all a € D, it follows that

W(a,e) < max {J(Ra+ew—d',ew)+BE[V(d, e )e]} = V(a,e),Ya € D,

a’el(a,e)

with equality at ay. Now any subgradient p of V(a, e) at ay must satisfy
pla —ap) > V(a,e) — V(ag,e) > W(a,e) — W(ay,e),Va € D,

where the first inequality uses the definition of a subgradient and the second
uses the fact that W(a,e) < V(a,e), with equality at ay. Since W(a,e) is dif-
ferentiable at ay, p is unique. By Theorem 25.1 posited by Rockafellar (1970),
any concave function with a unique subgradient at an interior point ay is dif-
ferentiable at ay. Thus, V(a,e) is differentiable at ag. Furthermore, we know
that Vi(ap, e) = Wi(ag,e) = RJ1 [y(ao, e), ew] for ay € (0, o0). From part 1) of

this proposition we know that V(a, e) is continuous and concave in a € [0, o).



Thus, using Proposition 6.7.4 in Florenzano and Le Van (2001), we know that
lim,,o Vi(a,e) = V{(0,e). Therefore, V(a,e) is continuously differentiable in
a € [0, o0). We already know that Vy(a, e) = RJ; [y(a, e), ew] for a € (0, ). By
the Theorem of the Maximum, y(a, e) is continuous in a € [0, c0). We also know
from part 4) of Proposition 1 that J;(y, ew) is continuous in y € (0, c0). Thus we
have V(a, e) = RJ; [¥(a, e), ew] for all a € [0, c0).

3) By the Theorem of the Maximum, a’(a, e) is continuous in a.

The first-order condition (FOC) of the household’s problem is
Ji|y(a,e),ew] = BE[V(d'(a, e), ¢ )|e], with equality if a’(a,e) > 0. (A.1)

Combining FOC (A.1) and V/(a,e) = RJ,[¥(a,e),ew] for all a € [0, ), we

have the Euler equation of the household’s problem,
Vi(a,e) > BRE[V(d'(a, e), ¢')|e], with equality if a’(a, e) > 0. (A.2)

For fixed e € E and any a, > a; > 0, we know that either a’(a;,e) = 0 or
a'(ay,e) > 0. Ifd'(ar,e) =0, then d’(ay, e) > d'(ay,e). If a’(ay,e) > 0, then we
have

Vi(ai,e) = BRE[Vi(d (a1, e), €)le].

Suppose that a’(a,, €) < a’(ay, e). Then, from the Euler equation (A.2), we have
Vi(ay, e) > BRE[V(d (ay, e), €)le] > BRE[V(d'(ai, e), € )le] = Vi(a, e),

which contradicts the fact that V(a,e) is strictly concave in a. Thus we have
a(ay,e) > d'(a,e).

4) By the Theorem of the Maximum, y(a, e) is continuous in a. From part 2)
of this proposition we know that Vi(a,e) = RJ; [y(a, e), ew] for all a € [0, c0).

Thus, y(a, e) is strictly increasing in a. ®



1.3 Proof of Proposition 3

Proof: 1) By part 4) of Proposition 2, y(a, e) is continuous and strictly increasing
in a. Since ¢*(y, g) and h°(y, g) are continuous and increasing in y by part 3) of
Proposition 1, c(a, e) and h(a, e) are continuous and increasing in a.

For e € E, h(a,e) is increasing in a and h(a,e) € (0,1]. Thus, we have
lim,_,o h(a, e) = h(e) € [0,1]. We know that lim,_,, V,(a, e) = 0, since V(a, )
is bounded. Thus,

31_)12) uy [c(a,e), h(a,e)] =0, (A.3)

since Vi(a, e) = Ru, [c(a, e), h(a, e)]. Suppose that there exists {a,,},,_, and B >

0 such tha tlim,,_,, a,, = o0 and c(a,,, ¢) < B for all m > 1. Then we have
uy [c(a, e), h(a, e)] > uy [B, h(a, e)].
Thus,
lim uy [e(a, €), h(a, &)1 > lim u; [B, h(a, )] = ur | B, h(e)| > 0,

which contradicts Equation (A.3). Therefore, we have lim,_,, c(a, e) = .

2) Suppose that h(a, e) < 1 for all a > 0. Then we have
up [c(a, e), h(a, e)] = uy [c(a, e), h(a, e)] ew.
From Equation (A.3) we have
gl_)rg u [c(a, e), h(a,e)] = 0. (A4

If Case A) of Assumption 5 holds, we can pick a > 0 such that u, [c(a, e), 1] > O.

We know that c(a, e) > c(a, e) for a > a. Thus, u;, > 0 implies that
7%} [C(a, 6), h(a’ e)] > U [C(aa 6), h(a’ e)] > Uy [C(aa e)’ 1] > Oa

which contradicts Equation (A.4). Thus there exists a@ > 0 such that h(a, e) = 1.
From part 1) of this proposition we know that /(a, e) is increasing in a. Thus we

have h(a,e) = 1 for a > a.



Since E is a finite set, we have h(a,e) = 1 for sufficiently large a and all

ecE. m

1.4 Proof of Theorem 1

Proof: Let d, = (BR)'V/(a;, e;). The Euler equation (4) implies that

d; 2 E, (ds1) .

Thus, {d,}°, is a nonnegative supermartingale. We know that V(a,,e,) is fi-
nite since Vi(a;,e;) = Rui(c, h;). Since dy = Vi(ay, ep), it follows from the
Supermartingale Convergence Theorem that there exists a random variable d.,
with E (ds) < Vi(ao, ep) such that lim;_,., d; = d., almost surely. Thus we have

lim,(BR)'V(a;, e;) = d almost surely. Since SR > 1, we have
lim Vi(a;,e;) = 0 a.s. (A.5)
—0o0

Let D = {w : liminf,_,., a,(w) < oo}. For each w € D, there exists a bounded
subsequence {a,(w)};2, and B(w) > 0 such that a,(w) < B(w) for all k > 0.
Suppose that the probability of D is positive, i.e. Pr(D) > 0. From Equation
(A.5), we can pick a path w € D such that V,(a, (w), e, (w)) — 0 as k — oco. For

convenience I omit w in the following derivation. Thus we have
Vi(ay,e,) > Vi(B,e,) > mibp{Vl(B, e)} >0,Yk > 0.
ec

We have a contradiction. Thus, lim,_,., a; = oo almost surely. m

1.5 Proof of Lemma 1

Proof: The Euler equation (4) implies that

Vila, e) > EVi(a41,€141).



Thus, {Vi(a;, e/}, is a nonnegative supermartingale. We know that V/(a;, e;)
is finite since Vi(a;, e;) = Ru (c;, h;). Since dy = Vi(ay, ep), it follows from the
Supermartingale Convergence Theorem that there exists a random variable d.,

with E (d.,) < Vi(ag, ep) such that
lim Vi(a;, e;) = dw a.s.
—00

Moreover, d., is finite almost surely, since E (d.,) < Vi(ap, ep). B

1.6 Proof of Proposition 4

Proof: If Case ii) of Assumption 2 holds, g(4,e) = 0 for A € (0, 00). Thus, it is
decreasing in A.

If Case 1) of Assumption 2 holds, we have
g(4,e) = min{v(4,e), 1}, 1 € (0, o),

for e € E. Therefore, we know that g(4, e) is decreasing in 4 € (0, o) since

I < 0 for A € (0,0). m

1.7 Proof of Lemma 2

Proof: If Case ii) of Assumption 2 holds, we have A = 0. We know that &(¢, e) =
(U '(¢) and g(¢, ) = 0 for ¢ > 0 and all e € E. Therefore, we have

x@.e) = (U)'(@)-e'w
> (U)(¢) - w = x(¢, )
> (U) (@) - e"w = x(¢, e,

for ¢ > 0. Thus we have y(¢, e') > x(¢,€*) > --- > y(¢, e") for ¢ > 0.



If Case 1) of Assumption 2 holds, we have uy1uy, — upuy; > 0. Thus we use
the Implicit Function Theorem to find continuous functions &(4, e) and v(4, e)

on (0, c0) X (0, 2¢€") such that

Ui [K(/L 6), V(/l’ 6)] = /L

and

U [k(A,e),v(4,e)] = dew,

for A > 0 and e € (0,2¢"). From the Implicit Function Theorem we also know

that

aKgle’ . - _unuzzujzuuulz/lw >0
and

ov(d, e u

i’)e : B UpiU; —11M21M12/1W <0
for (4, e) € (0, ) X (0,2¢€").
For A > 0, let
() = 0, if @;(A) is empty ,

sup @(1), if ®(A1) is not empty

where ®@;(1) = {e € (0,2¢") : v(4,e) > 1}. Since % < O fore € (0,2e"), we

define
1, 0,e;(1
b= elle) = e €(0,e1()] ,
v(d,e), e € (e(A),2e")
and
91, 0,e;(A
¢ = Ele) = (D, e€(0,e1( )] ,
k(d,e), e € (e1(1),2e")

where ¥(c) = uy(c, 1). This way we extend the domain of £(4, ¢) and g(4, e) to
(0, 0) x (0,2¢"), which contains (0, c0) X E. We know that g(4,e) > 0 for all
(4, e) € (0,00) x(0,2e").



For ¢ € (0, A], we have
g(d,e) =1,Ve e E,

and

x(p,e) =9 (¢),Ye € E.

For ¢ > A, we have 0 < g(¢,e) = v(¢,e) < 1 and &(¢h, e) = k(¢, e) for all

e € (e1(¢),2€"). Therefore, we have

oxd.e) _ nd.e) o)
Oe Oe Oe
_ _M‘p_w_[l_g(¢,e)]w<(),

U1l — Uz1U12 Uy

ew—(1-hw

for e € (e1(¢),2€"). Suppose that e;(¢) > €¢". Then we have
g(d,e) =1,Ve e E,

since E C (0,e;(¢)]. This is impossible since, by the definition of A (9), we
know that, for ¢ > A, there exists e € E such that g(¢,e) < 1. Thererfore, we
have e;(¢) < e" for ¢ > A.

For ¢ > A, if there exists 1 < i < n — 1 such that e|(¢) € [é, ¢'™!), then we

have

X(@,e1(9)) > x(¢,e*!) > - > x(¢,e"),
since (e1(¢), "] C (e1(¢),2¢") and % < 0 for e € (e1(¢),2€"). Thus we have
X(¢’el) = :X(¢7ei) :X(¢’el(¢)) >X(¢’ ei+l) > >X(¢’en)’

since x(¢,¢') = -+ = x(¢,€) = x(¢,e1(9)) = 97 (¢). If e1(¢) < ¢, then we

have
X(p.e") > x(@, %) > -+ > x(, "),

since [e!, ¢"] C (e|(¢),2¢"). m
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1.8

Proof of Lemma 3

Proof: Denote

P= min {n(e)}.
(e,e’)EEXE

Choose T such that 87 < 1. Let

2 1y _ n
Ep = min{(p)T, lﬁ_ﬁ){(¢ve )4X(¢,€ )}

Note that £, > 0. We denote

B> x(¢,e") + x(, e
-B 2 )

a :ﬁX(¢’et) + 1

Then we show this lemma in two cases.

Case (i) @ < @. Pick event D; = {e,, erj1 = e forj=2,3,---,T + 1}. On

D, we have

\%

\%

\%

ZX(¢’ et+j—1):8j

J=1

(59

Br(g.e)+ Y x(@.eVB = > [x(@.e") - x(g e )| B
j=2 j=T+2

[

Br(g.e)+ Y x(@.eVB = > [x(g,e) —x(g,¢)]|p

Jj=2 Jj=T+2

ﬁx(¢e)—ﬁ[

x(@e) = x(¢, e

,82 x(@.e) +x(@.e") B x(g.e) —x(¢.e"
/3)((¢,et)+1_ﬁ 3 1.5 5

2B (g, €)) = x(8, ")
1-5 2
2 1 " ) .
By(d.ey + LX) x4, B x(.e) - x(d.e")

+(1-28" )2
a+(1-28")2e,

ﬁX(¢’ et) +

1-8 2 iy 4

C_l’+8¢

a’+8¢.
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We know Pr(Dile)) = Pr(eq1 = ¢ for j=2.3,--.T+1le) = (P) > &,
Thus, Pr (Z;’-’;l/\/@, e,+j_1),8j >a+ s¢|e,) > Pr(Dle;) > 4. We have

]

Pr[a < 3 x(@.en B <t e,

=1
< Pr ZX(¢’et+j—l),Bj Sa+teg, e,J
=1
= 1- Pr{Z)(((ﬁ,eHj_])ﬁj >a+ ey e,]
=1
< 1 - 8¢.

Case (ii) @ > @. Pick event Dy = {e;, €., = ¢" for j=2,3,---,T +1}. On

D, we have
D x(@s e 1)
j=1
= Br(@.e)+ ) x(¢. eV + D [x@ e —x(g, M| B
j=2 j=T+2
< B, et>+Zx<¢, M+ ) @) = x|
j=T+2
2 0T
= Bx(¢e>+ﬁﬂ (@, ")~ x(@, )]
n 182 X(¢,€ )_X(¢,en)
< 1—,8X(¢’e)+1—/3 >
_ B x(@.e") +x(¢,e")
- ﬁX(¢’eI)+ l—ﬂ 2
=
< a.

T
We know Pr(Dale,) = Pr(e, ;- =e"for j=2,3,--- . T+1le,) 2 (P) 2 &,

12



Thus, Pr (Z‘;’;l)((zf), e,+j_1),BJ < a|e,) > Pr(D;le;) > 4. We have

]

Pr[a < Z)((¢, enj B S a+ s

=

1- PT[ZX(¢» et+j—l)ﬁj <a

=1

IA

Pr[Z){(‘P, et+j—1),8j 2 a

=1

IA

1—8¢.

1.9 Proof of Theorem 2

Proof: From Lemma 1 we know that lim,_,, V;(a;, ¢;) exists and is finite almost

surely for SR = 1. Suppose that Pr (lim,_,00 Vila;, e) < R/_l) < 1. Thus,
Pr (lim (e hy) < 2) <1
—00

Then there exists ¢ > A such that we have Pr(lim,_,o, u;(c;, h;) € [, + 6]) > 0
for any ¢ > 0.

For any € > 0, let n = 12—_;8. We may choose ¢ and 5, 1 < ¢ < ¢ < ¢ + 6,
such that Pr(lim,_,, u;(c;, hy) € [¢, ¢ + 6]) > 0 and Pr(lim,_,o u (¢, hy) = @) =
Pr(lim,_, ui(c;, hy) = ¢ + 0) = 0. At the same time we can have [£(¢, ) — &(¢ +
d,e)| < 1 and |g(¢, e) — g(¢ + b, e)lew < 1 for all e € E, since £(4, e) and g(1, e)
are uniformly continuous on interval [, ¥ + 6].

Define B = {lim,_,, ui(c;, h;) € [¢, ¢ + 6]}. Define A, = {u;(c, h;) € [¢, ¢ +
01} and B, = {ui(c;, hy) € [¢p,¢ + 6],t > 7} for T > 0. Thus, lim,_,, Pr(A;) =
Pr(B) > 0 and lim,_,, Pr(B;) = Pr(B) > 0. We may choose 7 < oo such that
Pr(B;) > (1 —&)Pr(A,) > 0. If Vi(a,,e;) € [Rp, R(¢p + 9)], then a, is bounded.

13



‘We have

Pr Z [c‘r+j—l -(1- h‘r+j—l)e‘r+j—lw] R7-a,=0

0
J=1

B] )

Pr Z;i][c‘r+j—] —&(o, €T+j—1) + [hr+j—] - g(¢, e‘r+j—l)] e'r+j—1W]R_j B.|=1.

+ Z;il[f((p’ eT+j—1) - [1 - g(¢9 e7+j—1)] e‘r+j—1W]R_j —dar = 0

Thus we have

Since SR = 1 and we know that |£(¢,e) — £(¢ + J,e)| < § and |g(¢,e) — g(¢ +

d,e)lew < ] foralle € E,

Pr ‘Z;il[c‘ﬁj—l —&(p, ervj1) + [h‘r+j—1 - 8(¢, e‘r+j—1)] e‘r+j—1W]R_j‘

€

B _
<Hg7]—§

B |=1.

SBJ:L

<_
2

Thus,

|

Since SR = 1 and x(¢, e) = &(¢p, e) — [1 — g(p, €)] ew, we have

m[ fB,):l.

X(¢’ €ryj— )ﬁ] —dar

Z[f(ﬁb, ervj-1) = (1 = (o, eT+j—l))e-r+j_1W]R_j -a.

J=1

<

Let @ = a, — 5. Since B, C A, and Pr(B;) > (1 — &) Pr(A,), it follows that

(o)

Pr[af < Z){(gb,eﬂj_l)ﬁj <a+e

J=1

AT)>1—8.

Let 27 = (e, e, - - - , e7). Thus, the event

(o9

Pr(a < Z)((qﬁ, eT+j_1),8j <a+e

=1

ZTJ>1—8

has a positive probability since A, is measurable with respect to z*. Note that

{e;}2, follows a Markov chain. Thus exists e, € E such that

Pr[a < Z)((qﬁ, eT+.,-_1)ﬁj <a+e eT] >1-e¢,

=1

14



which contradicts Lemma 3. Thus, we have
P (1im 1) < 2) = 1.
If 1 > 0, then g(1,e) = 1 for A € (0, 1] and all e € E. Thus, we have
tlirg h, =1a.s.
If 1 = 0, then we have

tlim Vila;,e;) =0 a.s. (A.6)

Let D = {w : liminf,_,. a,(w) < oo}. For each w € D, there exists a bounded
subsequence {a,(w)};2, and B(w) > 0 such that a,(w) < B(w) for all k > 0.
Suppose that the probability of D is positive, i.e., Pr(D) > 0. From Equation
(A.6), we can pick a path w in D such that V,(a, (w), €, (w)) — 0 as k — oo. For

convenience I omit w in the following derivation. Thus, we have
Vl(atk’etk) = Vl(B’ el‘k) 2 mlgl{V1(B, e)} > O’ Yk > 09
ee
We have a contradiction. Therefore, we have

lima, = oo a.s.

[—o0

1.10 Proof of Proposition 5

Proof: From the definition of k we know that h(a,e) = 1 fora > k > 0 and all

e € E. For a > k, suppose that
a'(a,é(a)) = rileagx{a’(a, e)} > a.
Then, we have
Vi(a,é(a)) = E[Vi(d'(a,&(a)), €)le(a)] < E[Vi(a,e)le@]. (A7)
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Now, the budget constraint (1) becomes
c(a,e) +d'(a,e) = Ra. (A.8)

Since

d'(a,e(a)) = mea}i_x{a’(a, e)} >d(a,e),

we have c(a, e) > c(a, é(a)) for all e € E. Thus,
Vi(a,é(a)) = Ru(c(a, é(a)), 1) > E[Rui(c(a, '), 1)lé(a)] = E[Vi(a, e)é(a)],

which contradicts Equation (A.7). Thus, we have a(a, ¢) < a for a > k and all
eckE.
For a > k, suppose that there exists ') € E such that a (a, e(l)) < a. Then,

we have
Vi(a.eV) 2 E|Vi(a(a,eV),e)le®] > E[Vi(a,)1e].
Thus, there exists ¢ € E such that V; (a,¢?) < V; (a,¢). Since
Vi(a.e®) = Ruy (c(a.e). 1),

and

Vi (a, e(z)) = Ru, (c (a, e(z)) , 1) ,

we have ¢ (a, e(z)) > ¢ (a, e(l)). Therefore, a (a, e(z)) <a (a, e“)) < a. Then, we

have

Vi (a, e(z)) >F [Vl (a (a, e(z)) , e/) Ie(2)] > FE [Vl (a,€) Ie(2)] .

Thus, there exists ¢ € E such that V; (a, e(3)) <V (a, e(z)) <V (a, e(”). Since
Vi (a, e(z)) = Ru, (c (a, e(z)) , 1) ,

and
Vi (a, 6(3)) = Ru, (c (a, 6(3)) , 1) ,
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we have c(a, e(3)) > c(a,e(z)). Thus, o (a,e(3)) <da (a,e(z)) <da (a,e(l)) <
a. By induction, we have V, (a,e(”)) < o<V (a,e(z)) <V (a,e(l)) and
a (a, e(”)) <--<d (a,e(z)) <d (a, e(l)) < a. From « (a, e(")) < a we know
that

Vi (a, e(”)) >E [Vl (a (a, e(”)) , e’) |e(”)] >FE [Vl (a,e) Ie(”)] .

This is impossible since V; (a, e(”)) <<V (a, e(z)) <V (a, e(‘)). Thus we
know that, for a > k, there does not exist e € E such that a (a, ¢) < a. Then, we
have a(a,e) = afora > kand all e € E.

From the budget constraint (A.8) we have c(a,e) = (R — 1)a = rafora > k
andalle € E.

The borrowing constraint implies that a,,; > 0 for all # > 0. Since a’ (l_c, e) =

k for all e € E, we know that

d(a,e) <d (l_c, e) =k,

for a < k and all e € E, from part 3) of Proposition 2. If ay € [0,k], a; =
a’ (ap, ep) < k. Thus a, = a’ (a,e;) < k. By induction, we have g, < k for all
t > 1. Thus, a, € [0, k] for all # > 0.

If ay < k, wealth accumulation is bounded. Thus we have lim,., 4, = 1

almost surely from Theorem 2. Consequently, we have
Pr({w :lim inf hy(w) < 1}) -0,
t—00

LetA = {w s liminf,e a/w) = a.(w) < I_c}. Since a.(w) < k, there exists e* € E
such that i(a.(w), e*) < 1. We know that Pr (¢; = e infinitely often) = 1 for each
e € E. Since h(a,e) is continuous in a by part 1) of Proposition 3, we have

A C{w : liminf, . h(w) < 1}. Thus,

Pr(A) < Pr ({w im inf () < 1}) = 0.
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We have Pr(A) = 0. Thus,
Pr ({w : lim inf a,(w) > I_c}) =1.
—00

Therefore, we have lim,_,, a, = k almost surely.
From part 2) of Proposition 3 we know that k < co in Case A) of Assumption

5.m

1.11 Proof of Proposition 6

Proof: If k < oo, from Proposition 5, we know that Pr ({(a,, e}y 18 bounded) =
1. Thus, lim,_,., @, = oo almost surely implies that k = co.

To prove the other direction, note that Pr(lim,_,., a;, = o0) < 1 implies that
Pr(lim,,, h; = 1) = 1 from Theorem 2. Let D = {w : liminf,_,. a,(w) < oo}.
Thus, Pr(D) = 1-Pr(lim,_,, a, = o) > 0. We know that Pr (¢, = ¢ infinitely often) =
1 for each ¢ € E. Thus we can find w € D such that, for each ¢ € E,
there exists a subsequence {(a,z(w),e,z(w))},‘j’zl, limy o0 a,z(a)) = B(e) < oo,
limkﬁmh[atz(w), e,;(a))] = 1, and ex(w) = e for all k > 1. From part 1) of
Proposition 3 we know that A(a, ) is continuous and increasing in a. Thus we
have h(a,e) = 1 fora > B(e) and e € E. Thus, k < co. Therefore, k = co implies

that lim,_,., @, = co almost surely. m

1.12 Proof of Lemma 4

Proof: For a > 0, suppose that a’(a, e) > a for all e € E. Then we have
da(a,e)>a>0,
for all e € E. Thus,
Vi(a,e) = BRE[V(d'(a,e), e )le] < BRE[V\(a,e)le] < E[Vi(a,e)le], (A.9)
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forall e € E.
Pick eV € E. By Equation (A.9) we have

Vi (a, e(l)) <E [Vl (a,€) Ie(l)] .

Thus there exists ¢® € E such that V, (a, e(l)) < Vi (a, e(z)). It follows from

Equation (A.9) that
Vi (a, e(z)) <E [Vl (a,€) Ie(z)] .

Thus there exists ¢ € E such that V, (a, e(”) <V (a, e(z)) <V (a,e(3>). By
induction, we have V, (a, e(”) <V (a, e(z)) <o <V (a, e(")).

However, Equation (A.9) also implies that
Vi (a, e(”)) <E [Vl (a,e) Ie(")] .

This is impossible since V; (a, e(l)) <V (a, e@)) <<V (a, e(”)). Therefore,

for a > 0, there exists e € E such that a’(a,e) < a. m

1.13 Proof of Proposition 7
Proof: For a > k, suppose that

d(a,eé(a)) = nelea}l_x{a’(a, e)} >a.
Thus we have

Vi(a, é&(a)) = BRE[V1(d'(a, &(a)), €")é(a)]

< BRE[V|(a,e")é(a)] < E[Vi(a,e)é(a)], (A.10)

since SR < 1.
We know that h(a, e) = 1 for a > k and all e € E, by part 2) of Proposition

3. Thus, the budget constraint (1) becomes
c(a,e) +d'(a,e) = Ra, a > k.
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We have c(a, e) > c(a, é(a)) for a > k and all e € E since
d'(a,e(a)) = me}gx{a’(a, e)} >d'(a,e).
ec

By Lemma 4, there exists é € E such that a’(a,é) < a. We have c(a,é) >
c(a, e(a)), since

d'(a,e(a)) > a > d(a,ée).

Thus we have
Vi(a,é(a)) = Rui(c(a,e(a)), 1) > E[Ru(c(a, €’), D|ée(a)] = E[Vi(a,e)|e(a)],

which contradicts Equation (A.10). Thus, we have a’(a, ¢) < a for a > k and all
ec k.
From part 2) of Proposition 3 we know that k < co in Case A) of Assumption

5.m

1.14 Proof of Theorem 3

Proof: If Case A) of Assumption 5 holds, we pick k¥ = k. If Case B) of As-
sumption 5 holds, we know from Proposition 8 that there exists k> > 0 such that
a'(a,e) <aforalla>k’ande € E.

Note that gy < max {kb ,(l()}. From Propositions 7 and 8, we know that

a (k” , e) < k? for all e € E. From part 3) of Proposition 2 we have
d(a,e) <d (kb, e) <K,
fora < k” and all e € E. Thus,
a1 = d (ae) <K, if a, <K (A.11)

If ¥ < a, < ay, a1 = a' (a;,e;) < a, < ay, by Propositions 7 and 8. Thus,
a, < max {kb,ao} implies that a,,; < max {kb ,ao}. By mathematical induction,

we have a, < max {kb, ao} for all # > 0.
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Case (i) ap < k*. We have a, < k” for all # > 0. Thus,
Pr(a, <k, ¥t 20)= 1.

Case (ii) ag > k”. Define 6 = min{a - a(a) : a € [k, ao]} > 0. The relation-
ship (A.11) implies that the wealth accumulation process {a,}>>, stays in [0, k’]
if it reaches the interval. Additionally, we know that a(a) < a if a > k>. Given
a; > kb, a; decreases by at least @ in one step. Thus, starting from ay, the process

{a,}72, reaches [0, k”] in at most [%] + 1 steps. Then it stays in [0, k”]. Thus,

b
o k]+1):1.
9

Combining Cases (1) and (i1), we have

Pr (a, <k, Vi >

Pr(at <k, vt > 1) =1,

where

, 0,  ifag <k’
|| + 1, ifag > K

1.15 Proof of Proposition 9

Proof: From the definition @ in Section 2.3 we know that a’ (a,e¢) < a(a) = a

forallee€ E. If a, < a,
ay = ad (a,e) < d (a,e) < a.

Thus we have
Pr((a;,e;) € S,Yt > T|(ar,er) €S) = 1. (A.12)

(o9

Equation (A.12) implies that the process {(a;, e,)};°, stays in § if it reaches S .

Case (i) (ap, e9) € S. Thus, T = 0 in Equation (A.12). We have
Pr((a;,e;) € S,Yt > 0| (ap,ep) € S) = 1.
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Case (ii) (ag, e9) ¢ S. From Proposition 3 we know that there exists / > 1
such that

Pr((a,, e) € [0,k] X E, Yt > 1) ~1.

Let

a(a) = rergbp{a’(a, e)}.

Thus, d(a) is continuous in a since a’(a, e) is continuous in a by part 3) of Propo-
sition 2. By Lemma 4, we have a(a) < a for all a > 0. Let y = min{a — d(a) :

a € [a, k]}. Thus,y > 0. Given a, € [a, k], a, could decrease by at least y in one

[l‘c—a
q:
Y

From Proposition 3 and the Markov property of the process {(a;, €;)};2,, we know

step. Let

+ 1.

that the process stays in [0, k] x E if it reaches [0, k] x E. We have
@ kI xE = {(a,e) : (a,€) € [0,K] X E and (a,¢) ¢ S}

For any (a,e) € (a,k] x E, we can pick the realization sequence of labor effi-
ciency shocks ¢€’s such that (a, ) moves along (a(a), e) to reach S in at most g
steps. Let

P= min {n(ele)}.
(e,e’)eEXE
For any j > 1 we know that

Pr(3(j+1) <1< (j+q). suchthat (a,e) € S|(a.e;) € @k x E) > (P)'.

Thus we have

Pr((ane) € @KIXE t=j+1,j+2, -, j+q|(a.e) € @k xE)

1=Pr(3(j+1)<t<(j+q), suchthat (a.e) € S|(aj.e;) € @K X E)

1-(P)".

IA
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Then, we know that

Pr((a;,e;) & S,Vt > 1|(ag,ep) € S)

= Pr((ane) € @k xEVt> 1|(ao.e0) ¢ S)

< Pr((at,e,)e(Ez,l_c]xE,t:I,I+1,---,I+nq|(ao,eo)¢S)

= Pr((as.e)) € @k x E| (ap,e0) ¢ S
xPr((a.e) € @k xE.t=1+1,1+2,--- . I1+q|(ase) € @k x E)
XPr((a,,e,)E(EI,I_C]XE,l:I+q+1,I+q+2,-~-,I+2q|(a1+q,61+q)E(El,l_c]XE)

Xoeoo

(Cl,, et) € (El’ ]_C] X E’ _ =
X Pr (a1+(n—l)q» €1+(n—1)q) € (a,k] X E
t=I+n-1)g+1,---,I+nq

IA

Pr((ane) € @RIXE,t=1+1,1+2,-,1+q|(ae) € @K XE)
xPr((at,e,) €@klxE,t=I1+qg+1,1+q+2,--- ,I+2q|(a1+q,el+q) € (a,l_c]xE)

Xoooo

(ata et) € (‘_la I_C] X E’ _ -
X Pr (a1+(n—l)qa €1+(n—1)q) € (a,klx E
t=I+mn-1)g+1,---,I+ng

[T

Letting n — oo, we have

IA

Pr((a;,e;) ¢ S,Yt > 1| (ap,eq) € S) =0.

Thus, we know that

Pr (3T > 1, such that (ar,er) € S|(ag,ep) ¢ S)

1 -Pr((a,e) & S,Vt>1|(ap,e)) € S)

= 1.
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1.16 Proof of Lemma 5

Proof: Suppose that a’(a,e) > 0 fora > 0 and all e € E. Thus, for ay > 0, we
have

Vl(a()’ eO) = (ﬁR)tEOVI (ata et)y Vt > O

Note that V;(ap, ep) > 0. The right-hand side of this equation approaches 0 as
t — oo, since SR < 1 and Vi (a,e) < V1(0,e) < oo fora > 0 and all e € E. We
have a contradiction. Thus, there exist & > 0 and é € E such that a’(a, é) = 0.
From part 3) of Proposition 2, we know that a’(a, €) is weakly increasing in a.

Thus, we have a’(a,é) = 0 fora € [0,a]. m

1.17 Proof of Theorem 4

Proof: By Theorem 16.0.2 posited by Meyn and Tweedie (2009), {(a;, e)};2, is

uniformly ergodic if the state space S is v,,—small for some m.

Definition 1 A set C € B(S) is called a small set if there exists m > 0 and
non-trivial measure v,, on B(S) such that P"(s,B) > v,(B) for all s € C and

B e B(S).

Let d(a) = min,cg{a’(a,e)}. Thus, a(a) is continuous in a since a’(a, e) is
continuous in a by part 3) of Proposition 2. By Lemma 4, we have d(a) < a for
all a > 0. By Lemma 5, there exists @ > 0 such that a(a) = 0 fora < a. Let

x = min{a — a(a) : a € [a,a]}. Thus, « > 0. Let
m= [ﬂ] +1,
K

and

P= min {n(e'le)}.
(e,e’)EEXE
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Define a non-trivial measure v,, on B(S) as, for all B € B(S),

P)", if(0,¢)eB
V(B) = () ©.0 ,
0, if(0,¢)¢B

where @ is defined in Lemma 5.

For all s € S, we can pick the realization sequence of labor efficiency shocks
e’s such that (a, e) moves along (d(a), e) to reach state s* = (0, ) in at most m
steps. Thus we have P"(s, B) > v,,(B) for all s € S and B € B(S). We conclude
that S is v,,—small.

Letp = [1 —v,(S )]%. Thus, we obtain the results of Theorem 4 through

using Theorem 16.0.2 presented by Meyn and Tweedie (2009). m

1.18 Proof of Proposition 10

Proof: From Theorem 4 we know that the process {(a;, e,)};2, has a unique sta-
tionary distribution £ on S. By Theorem 17.0.1 posited by Meyn and Tweedie
(2009), the Law of Large Numbers holds for any B(S )—measurable function f
satisfying fS |fldu < oo, if {(a;, e/)}2, is a positive Harris chain.! From their
Theorem 18.0.2, we know that {(a,, €,)},, 1s a positive Harris chain if it satisfies
the following three conditions:

D) {(a;, e)}2, is a T—chain,?

2) There exists a reachable state s*, and

3) {(ar, )}, is bounded.

By Theorem 6.2.5 posited by Meyn and Tweedie (2009), {(a;, e}, is a
T —chain if every compact set is petite. A slight change in Proof of Theorem 4

can show that every compact set of § is a small set. By Proposition 5.5.3 posited

IFor the definition of positive Harris chains, see Meyn and Tweedie (2009) (page 231).
ZFor the definition of T—chains, see Meyn and Tweedie (2009) (page 124).

3 Actually, the theorem only requires it to be bounded in probability.

25



by Meyn and Tweedie (2009), every small set is a petite set.* Thus, {(a,, et
is a T—chain. Condition 1) is verified.

From Proof of Theorem 4, we know that s* = (0, &), where ¢ is defined in
Lemma 5, and is a reachable state. Thus, condition 2) is satisfied.

Condition 3) is obviously satisfied since S is compact. B

1.19 Proof of Proposition 11

Proof: Let s* = (0, &), where ¢ is defined in Lemma 5. Furthermore, let
Te =min{t > 1 : (a;, e;) = s*}.

By Theorem 10.2.2 (Kac’s Theorem) proposed by Meyn and Tweedie (2009),

Ey[ts] < 0o, and u(s*) = (Eg [t )7 if {(a;, e}, 1s Y—irreducible and positive

(9]

recurrent. From Proof of Proposition 10 we know that {(a,, ¢,)};, is a T—chain
and s* is a reachable state. By Proposition 6.2.1 posited by Meyn and Tweedie
(2009), {(a;, e}, is Y—irreducible. From Proof of Proposition 10 we know that
{(as, e))};2,, 1s positive Harris recurrent. Thus, it is positive recurrent. Therefore,

we have

pf(a,e) s a =0 = u(s") = (Eg[re)™ > 0.

1.20 Proof of Lemma 6

Proof: Since f(x) is a continuous function of x € [b,d], it is uniformly con-
tinuous on [b,d]. Thus, for any € > 0, there exists a subdivision of [b,d],

suchthat b = & < & < & < -+ < &y = dand 0 < f(&i1) — f(&) < 3

for 0 < i < m(e). For any x € [b,d], there exists i(x) such that 0 < i(x) <

“4For the definition of petitle sets, see Meyn and Tweedie (2009) (page 117).
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m(e) and &) < x < &we. Since fu(s) is weakly increasing in x, we have
Fn(Gic) = f(x) < fulx) = f(X) < fulfiw+1) — f(x). Thus, |f,(x) = f(0)] <
max{|f,(€ico)—f O [fa(ico+1)—f(X)]}. Forany 0 < i < m(g), there exists N; such
that [f,(&) — f(&)] < & for all n > N,, since lim, .« f,(x) = f(x) for x € [b,d].
Let N = max{No, Ny, - - , Nyey}. Thus 2 > N implies that |f,(&) — f(&)| < £ for
any 0 < i < m(e). We have |f,(€io) = f (] < [ful&iw) = [ (Ei)+1f i) = f ()] <
&1 = g Similarly, |f,(€9+1) — f(X)] < &. Therefore, we have | f,(x) - f(x)| < &

for all x € [b,d]. Consequently, we know that {f,},-;c0 converges uniformly to

f-nm

1.21 Proof of Proposition 12

Proof: I study the household’s problem in two steps. In step 1, I solve an in-
tratemporal problem. And, in step 2, I solve an intertemporal problem. In step 1,
we know that J(y, g), ¢*(v, g), and h*(y, g) are continuous functions of y and ¢, by
the Theorem of the Maximum. In step 2, we know that V(a, e; w, r), y(a, e; w, r),
and a’(a, e; w, r) are continuous functions of a, e, w, and r, by Theorem 1 posited

by Dutta et al. (1994). Thus,

c(a,e;w,r) = ¢’ [y(a, e;w, r), ew] is continuous in a, e, w, and r,
and

h(a, e;w, r) = h'[y(a,e;w,r),ew] is continuous in a, e, w, and r.

The firm’s profit-maximization conditions in Section 3.1 determine a continuous
function w(r) between wage rate w and interest rate . Thus, we know that

c(s;r), h(s; r), and a’(s; r) are continuous in s and », where s = (a,¢). B

1.22 Proof of Lemma 7

Proof: We prove this lemma in two cases.
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Case A) of Assumption 5 holds.
For ry € (=1,7), there exists 0 < k(ry) < oo such that & (a,e;r,) = 1 for

a > k(ro) and all e € E. Thus we have

U [C(Cl, e rO)’ 1]

>ew,Ye e L,
uy [c(a,e;ry), 1] e re

for a > k(ry). We know that % is strictly increasing in ¢ since upju; —

ujuy > 0 by Assumption 2. From part 1) of Proposition 3, we know that
lim,_,. c(a,e;ry) = co. Thus, we can pick a sufficiently large kM (ry) > k(ro)

such that
U [c (kM(ro), e; ro) , 1]

uy [c (kM(ro), e; 1), 1]

From Proposition 12, we know that c(a, e; r) is continuous in r. Therefore, we

>ew,Ve € E.

could find & > 0 such that, for r € (rg — &, ry + €), we have

Uy [c (kM(ro), e; r) , l]
uy [c (kM(rp), e;1), 1]

>ew,Ve € E.

Thus, we have h [kM (ro), €; r] = 1 forall e € E. By the definition of kin Equation
(6), we know that k(r) < k™(ry), for r € (ry — &, ry + €). From the definition of a
in Equation (11), we know that a(r) < k(r), for r € (=1, 7). Thus, a(r) < k(r) <
kM (ry), for r € (ry—&,ry+¢). For all r € (ry — &, ry + €), we find a uniform upper
bound kM (ry) for asset accumulation such that [0, a(r)] [0, kM (rp)].

Case B) of Assumption 5 holds.

We want to show that there exists € > 0 and 0 < k¥ (ry) < oo for ry € (-1, 7)
such that {u(r) : r € (ry — &, ry + £)} has common bounded support [0, k™ (ry)] X

E. Suppose that, for some e € E, we can pick sequence {(a,,, ,»)},,-; such that
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a(a,,e;,ry) = a,, lim,_,- a, = oo, and lim,,_,. 1, = ry. Thus, we have

(1 + ry)ay, — a'(am, e; 1) + (1 = hy,)ew(r,,)

c(am, €; )

IA

(1 + rm)am —ap t (1 - hm)ew(rm)
= Fmlp + (1 - hm)ew(rm)

< Ty + ew(ry).

We have either lim,,_,o, ¥,,d,, = o or liminf,,_ o #,yd, = B < 0.

If there exists B < oo such that liminf,,,. r,,a,, = B, then we can find a
subsequence {(dp,, ')}, such that r,,a,, < B+ 1 fori > 1. Thus, we have
c(ap;, €;1m,) < B+1+ew(ry,) fori > 1. For € > 0 we can find integer / > 0 such
that r,,, € (ro—€,ro+¢€) foralli > I. Denote w = max {w(r) : r € [ry — €, 19 + €]}.
We know that w < oo since w(r) is continuous in 7. From part 1) of Proposition 3,
we know that lim,_,., c(a, e; ry) = co. Thus we can find A such that c(A, e; ry) >
B+ 1+ew. Since lim,_,« a,, = oo, there exits integer I > 0 such that ay; > A for
all i > I. Thus we have c(am,,e;ry,) = c(A,e;ry) forall i > I. Since c(A, e;r)
is continuous in r from Proposition 12, we can find 1 > max {I, f} such that

c(A,e;ry,) > B+ 1+ ew. Therefore,
c(@p,e;1m) > c(A,e;ry) > B+1+ew > B+ 1+ ew(ry,,) > cay,.e; ry,).

We have a contradiction.

If lim,,, 0 ¥1pa,, = o0, then we have ry > 0. Thus we could find € > 0 such
thatro—e > 0and S(1+rp+¢€) < 1. Denote w = max {w(r) : r € [ry — €,y + €]}.
Thus we have r,a,, + ew(r,,) < rpa, +ew. Letting A = 0 in Case B) of Assump-

tion 5, we have

¥(c,0) = max {ul(c,h’)}.

hie0,11 \ ui(c, h)

Thus, for & = 1 1), there exists C > 0 such that

1

2 (,e(1+r0+e) -
ui(c,h’)
ul(c7 h)

<1+¢&Vhh €][0,1],
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forall ¢ > E From Proof of Proposition 8, we know that there exists

2|
I
all

> 0,
rop — €

such that

cla,e;r) > ra,Ye € E,Ya > A Vre (ro—€,rg + €).

Thus we have a’(a,,, e; 1) > a,, > A > 0 for a,, > A. Therefore, we know that
(@ (s €37m), €5 1) 2 1@ (A €5 1) = T, Ve € E,

fora, > A and r,, € (ry — €, o + €). Consequently, we have

O [c(am, €; ), ew(r,,)] B+ r,)E [D(c(d (am, €;Tm), €5 1), € W(Tm))le]

B(L + 1) E [D(rnam, € w(rm))le].

IA

Thus,

O [r,a, +ew,ew(r,)] < ©[r,a, + ew(r,), ew(r,)]

IA

D [c(am, e;1m), ew(ry)]

IA

B+ rp)E [@(ra, € w(ry))le] -

Therefore, we have

O [rnap, €w(rn)]
O [r,a, + ew, ew(r,,)]

e] > ! > ! s
Bl +r,)  BA+ri+e)

which implies that there exists ¢’ € E and a subsequence {(d,, ')}, such that

i uy (TG 1) . uy [P @y J(im, Qg € W(E))]
nel0.0] |ty (PG, + €W, 0) | uy [Py, + €W, J(F @i, + €W, ew ()]
1

_ >,
Bl +ry+¢€)

since E is a finite set. Therefore, we have

li v V) > ——— > 1
1mcsi10pO (c,ew)_ﬁ(1+ro+€)> ,
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which contradicts Case B) of Assumption 5.
Consequently, we know that there exists € > 0 and 0 < k™(ry) < oo for

ro € (=1, 7) such that
d(a,e;r) <a,Ne € E,Na > k™(ry),

for all r € (ry — &,r9 + €). From Propoposition 8 and the definiton of a in
Equation (11), we know that a(r) < kM(ry), for r € (ry — &, 19 + €). For all
r € (rp— &, ro + &), we find a uniform upper bound k™ (ry) for asset accumulation
such that [0, a(r)] c [0, k™ (ro)].

Now we extend measure u(r) from [0,a(r)] X E to [0,k™(ry)] x E. The
unique stationary distribution on [0, k™ (ry)] X E is constructed by combining the
stationary distribution u(r) on [0, a(r)]X E and zero measure on (a(r), k™ (ro) | X E.
Without causing confusion, I still use u(r) to represent the unique stationary
distribution with extended support. Now the collection of the extended measure,

{u(r) : r € (ro — &, 1y + €)}, has common bounded support [0, kY (ry)] X E. =

1.23 Proof of Theorem 6

Proof: From Lemma 7, we know that there exists k¥ (ry) for each ry € (-1, 7),
such that [0, k™ (ry)] x E containing S = [0,a(r)] X E for all r € (ry — &, 1y + &).
Thus, [0, k™ (ro)]XE is a common bounded support for {u(r) : r € (ry — &,y + &)},
and u(r) is the unique stationary distribution on [0, k¥ ()| X E for r € (ro—&, ro+
g). We use Theorem 12.13 presented by Stokey and Lucas (1989) to show that
{u(rn)},,-, converges weakly to u(ry) as r,, — rp.

Verification of Conditions (a), (b), and (c) of Theorem 12.13 posited by
Stokey and Lucas (1989)

Condition (a) is satisfied since [0, k¥ (r()] X E is compact.

For sequence {(su, 7m)},_; where s, = (au,en), suppose that (s,,r,) —
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(80, o), where sy = (ag, €p), as m — co. For any bounded continuous function f

on [0, kM (ry)] x E, we have

f fHP,, (S, ")
[O,kM(ro)]XE

f fld,e)P,, [(am, en), (@, e)]
[0,kM (ro)]XE

ff[al(am»em;rm),e/] P(em,e’)
E

> Fla @ e ). €| nelen),
i=1
since P(e,,e") = n(e’le,) for all ¢’ € E by Assumption 4. We have ¢,, = ¢, for

all large enough m’s since E is a finite set. Thus, we have

lim f(sl)Prm(sm, S,)

M= J10,kM(ro)IXE

= lim anf[a'(am,em; Fm), 6’] n(élen)
i=1

m—o0

= lim Z £ |a (@, e0: ). €| m(elleo)
i=1

m—o0

= Z f [a’(ao,eo; 7o), ei] n(e'leo),
i=1

where the last line uses that fact that f [a'(a, ey, 1), e’] 1s a continuous function
of (a,r) for all 1 <i < n. This is true since f(a’, e’) is continuous in (a’, ¢’) and,
due to Proposition 12, a’(a, e; r) is a continuous function of (a, e, r). Therefore,

we have

lim FIP,, (S, 8)

m= J10,kM(ry)IxE

= an f [a’(ao, €o; 10)s e‘]ﬂ(eileo)
i=1

ff [’ (ao, eo; 10), €' P(eg, €')
E

f f(a,’ el)Pro [(Cl(), eO)$ (a,’ e,)]
[0,k (ro)IXE

= f F(s)P,y (50, 8).
[O,kM(ro)]XE
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Thus, {P,, (sm,)}_, converges weakly to P, (so, ). Condition (b) is satisfied.
Condition (c) is satisfied since u(r,,) is the unique stationary distribution on
[0, kM(ry)] x E for each m > 1.
Thus Theorem 12.13 posited by Stokey and Lucas (1989) implies that {u(r,,)}_,

converges weakly to u(ry) as r,, — ry. Thus, we have

lim ad,u(rm):f adu(ry).
M= J10,kM(ro)|XE [0.kM (rg)IXE

We know that f[o,kM (OIXE adu(r) = fs adu(ry = A(r) for all r € (ryp — &, 19 + &)
since u((a(r), kM(ro)] X E) = 0. Therefore, we have lim,,,_,., A(7,,) = A(ro).

Since u((a(r), kM (ro)] X E) = 0, we have

L(rn) = f e[l = h(s;ry)l du(ry)
s
= f 6[1 _h(S;rm)]d/J(rm)
[0,6M (r0)IXE
= f edﬂ(rm) _f eh(S; rm)dﬂ(rm)-
[0.6M (o)X E [0,k (ro)|XE
The first term 04M (ro) XE edu(r,,) converges to f[O,kM(ro)]xE edu(ry) as r,, — 1y,

since u(r,,) converges weakly to u(rg) as r,, — ryo. We only need to show that
f[O,kM(ro)]xE eh(s; rp)du(r,) — f[o,kM(m)]XE eh(s; ro)du(ry) as r,, — ry. For fixed
e € E, h(a, e; r,,) is a function on [0, k™ (ry)]. By part 1) of Proposition 3, Lemma
6, and Proposition 12, h(a, e; r,,,) uniformly converges to h(a, e; ry) as r,, = 1y.

Thus, for 6 > 0, we have

0
max |h(a,e;r,) —h(a,e;ry)| < —,Ve € E,
a€0,kM] 2e"

for sufficiently large m. Therefore, we have

o
max  {elh(a,e;ry,) — h(a,e;r)l} < =,
(a,e)€[0.MXE 2

for sufficiently large m. We also have

5
f eh(a, e; ro)du(r,,) — f eh(a, e; ro)du(ro)| < =,
[O,kM(ro)]XE

[0,kM (ro)IXE 2
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for sufficiently large m, since eh(a, e; ry) is a bounded continuous function on

[0, k™] x E and u(r,,) converges weakly to u(ry) as r,, — ro. Thus, we have

f eh(a, e; ry)du(ry,) — f eh(a, e; ro)du(ry)
[O,kM(r())]XE [O,kM(r())]XE
< f eh(a, e; ry)du(r,) — f eh(a, e; ro)du(r,,)
[O,kM(ro)]xE [O,kM(ro)]XE
+ f eh(a, e; ro)du(r,,) — f eh(a, e; ro)du(ry)
(05 (ro)IXE [0,6M (o)X E
< f elh(a, e; ry) — h(a, e; ro)ldu(r,,)
[0,kM (ro)|XE
+ f eh(a, e; ro)du(r,,) — f eh(a, e; ro)du(ry)
[O,kM(ro)]XE [O,kM(ro)]XE
5 5
< _d:u(rm)‘i'_
[O,kM(ro)]XE 2 2
o0 o
= —+4 == 6’
2 2

for sufficiently large m. Thus we know that f[o M (ro)IE eh(s; ry)du(r,,) — f[o M )IXE eh(s; ro)du(ry)

as r,, — ry. Therefore, lim,,_,o, L(r,,) = L(rp). m

1.24 Proof of Proposition 13

Proof: From Propositionl1, we have u,({(a,e) : a = 0}) > 0 for r € (-1,7).
By Assumption 2 we know that 4(0,e;r) < 1 for all e € E. Thus, L(r) > 0 for

r € (—1,7). Since
A(r
(=7
we know that £(r) is a continuous function of r € (-1, 7).
From Proposition 6 we know that either Pr(lim,_,., @, = o) = 1 or Pr ({ (ai, e}, 18 bounded) =
1 for BR = 1. We discuss the limit of {(r) as r T 7 in these two situations.
Pr(lim, . a; = o) =1 for R = 1.

In this case we want to show that lim,; A(r) = oco. Suppose that this is

not true. Then there exists B > 0 and sequence {r,},._, such that r,, T 7 and
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A(r,,) < Bforall m > 1. Thus, for any k > 0, we have

lAc/J,m {(a, e):a> IAc}

f adp(ry,)
(k,00)XE

f adu(ry,)
[0,00)XE

f adu(ry,)
S

A(rm)

IA

IA

< B,
for all m > 1. Thus, we have
N B
moi(a,e)ra>kp <=, VYm>1.
ol ias i< &

We thus know that {u(r,,)}_, is tight. Condition (d) of Theorem 7 holds.
Conditions (a) and (c) of Theorem 7 obviously hold. We can also ver-
ify condition (b) of Theorem 7, using the same procedure as that in Proof
of Theorem 6. For sequence {(x,,,7.)},,—; where x,, = (au,e,), suppose that
lim,, o X,, = xo = (ag,ep) and r,, T 7. For any bounded continous function f

on [0, o) X E, we have

lim f(x/)Pr,,,(xma -x/)

m=e0 J10,00)xE

= Zf[a’(ao,eo;?),ei] 7T(€i|€0)
i=1

- ff[a’(ao,eo;f),e’]P(eo’e')
E

B f f@,e)Pz[(ay, eo), (@', )]
[0,00)xE

= f f(X)P5(x0, X).
[0,00)xE

Thus, {P,, (x., )}, converges weakly to P;(xo, -). Condition (b) is satisfied.

m=1
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Thus, from Theorem 7, we know that there exists a subsequence {r,, }.-, and

)
i=1

a proability measure [ such that {u(r,,)} 2, converges weakly to ft and f& is a
stationary distribution for P;(:,-) on [0, co) X E. This contradicts Pr(lim,_,., a; =
o) =1for R = 1.

Pr ({(a,. €))}2, is bounded) = 1 for BR = 1.

In this case, Proposition 6 implies that there exists k() < oo such that
h(a,e) = 1fora > k() and e € E. Following the same procedure as that in
the first part of Proof of Lemma 7, we pick a sufficiently large k™ (7) > k(7) such

that
uy |c (kM(7), e:7) 1]
up [c (kM(7), e;7), 1]

>ew,Ve e .

From Proposition 12, we know that c(a, e; r) is continuous in r at 7. Therefore,
we could find £ > 0 such that, for r € (¥ — &, 7), we have

Uy [c (kM(F), e; r) , 1]
up [c (kM(7), e;r), 1]

>ew,Ve € E.

Thus we have h [kM (o), e; r] = 1forall e € E. By the definition of k in Equation
(6), we know that k(r) < kM(7), for r € (¥ — &, 7). From Proposition 7 and the
definition of a in Equation (11), we know that a(r) < k(r), for r € (-1, 7). Thus,
a(r) < k(r) < kM(ry), for r € (7 — &, 7). For all r € (7 — &, 7), we find a uniform
upper bound k¥ (7) for asset accumulation such that [0, a(r)] C [0, k™ (F)]. We
then use the same procedure as that in Proof of Lemma 7 to extend measure
u(r) on [0,a(r)] X E to [0,k(7)] x E. The unique stationary distribution on
[0, kM(7)] x E is constructed by combining the stationary distribution u(r) on
[0, a(r)]XE and zero measure on (a(r), k™ (#)]X E. The collection of the extended
measure, {u(r) : r € (7 — &, 7)}, has common bounded support [0, k¥ (7)] X E. For
squence {r,},_, such that r,, T 7, without loss of generality, we assume that

rm € (7 —&,7) for all m > 1. Since [0, k™ (#)] x E is bounded, we know that

{u(r,n)},,, is tight. Condition (d) of Thoerem 7 holds.
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Conditions (a) and (c) of Theorem 7 obviously hold. We can also ver-
ify condition (b) of Theorem 7 as above. Thus Thereom 7 implies that there
exists a subsequence {r,,}>°, such that {u(r,,)};, on [0,k (F)] X E converges
weakly to a stationary distribution u(7) on [0, k™(7)] x E. Moreover, we know
that lim,_,., #, = 1 almost surely in this case. Even though there could be in-
finitely many stationary distributions on [0, k¥ (7)] X E for 7, we have u;({(a, e) :

h(a,e) = 1}) = 1 for any stationary distribution u(7) on [0, k()] X E. Following

the same procedure as that in Proof of Theorem 6, we have

lim L(r,,) lim [ e[l = h(s;ry)] du(ry,)

i—00 i—00
S

= lim e [1 - h(S, rm;)] d/l(rmz)

=00 J10,kM (F)]xE

f e[l = h(s; )] du(r) =0,
[0,kM (#)XE

We know from Proposition 5 that lim,_., a, = k(¥) > 0 if ay € [0, k(¥)], and

a, = ag for all t > 0 if ay > k(7). Consequently, we have u;({(a, e) : a > 0}) > 0.

Thus,
lim A(7,,,) = lim f adu(r,,) = lim adu(ry,)
i—o00 i—oo Jo i—oo [0.kM (F)XE
= f adu(r) > 0.
[0.kM (7)|XE

Therefore, we know that lim,; L(r) = 0 and lim inf,; A(r) > 0.

Finally, we have
. A®)
1 = lim —= =
mey=hmzy =
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1.25 Proof of Theorem §

Proof: From Proposition 13 we know that {(r) is a continuous function of r €

(—1,7). We also know that
liTrp {(r) = oo.
The firm’s profit-maximization problem gives us a downward continuous

curve of D(r) = %(r). Thus, we have
lim D(r) = oo,
rl—o6

and

limr = oo.
7lo

There thus exists at least an intersection of these two curves. Additionally,

we know that —6 < r < ¥ and % > ( in the stationary equilibrium. m

2 Appendix B

2.1 Proof of Proposition 8

Proof: If Case ii) of Assumption 2 holds, r < 0 implies that c(a, ¢) > 0 > ra for
a > 0 and all e € E. We know that c(a,e) > ra for r > 0, from Proposition 2
posited by Acikgoz (2018). From Proposition 4 posited by Acikgoz (2018), we
also know that there exists k” > 0 such that a’(a,e) < afora >k’ and alle € E.

Next I will concentrate on Case i) of Assumption 2.° If the borrowing con-
straint is binding, the indirect utility function J(Ra+ew, ew) of the intratemporal
problem is

J(Ra + ew, ew) = me}llx u(c, h)

SIf Case ii) of Assumption 2 holds, we define @(c, q) = U’(c) for all g > 0. All results in the

following steps also hold.
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s.t.c+ hew = Ra+ew, he|0,1].

The optimal solutions of this problem are c*(Ra + ew, ew) and h*(Ra + ew, ew).
We define
U(a,e) = uy [c’(Ra + ew, ew), h’(Ra + ew, ew)],
for (a,e) e R, X E.
If Case 1) of Assumption 2 holds, for g > 0, there exists function ¢(c, g) such

that

uy [c, p(c, )] = uy [e, ¢(c, @) g,

by the Implicit Function Theorem. We also know that ‘7“’;6"‘1) = el s, () for
C Uppur—uz Ul

c>0. Forg >0, let
00, if T(g) is empty

(O8] (Q) = ’
inf Y(g), if T(g) is not empty

where Y(q) = {c > 0 : ¢(c, q) > 1}. Therefore, we have

, e(c,q), c€(0,0(q]
J.q) = ,
1’ (6l S] (0-1 (q)’ OO)

and

Lo(c,q)], 0,
Oeq) = e jiegp] = | EAGD € Cn@l]

we, ), ce(oig),o)

For (a,e) € R, X E, we also observe that
h’(Ra + ew,ew) = j[c’(Ra + ew, ew), ew],
Ra — ¢*(Ra + ew,ew) + (1 — j[c*(Ra + ew, ew), ew])ew = 0,
and
D [c*(Ra + ew, ew), ew]

= u[c’(Ra + ew,ew), j[c'(Ra + ew, ew), ew]]
= u [c’(Ra+ ew,ew), h’(Ra + ew, ew)]
= Y(a,e).
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Thus, we have ¥(a, e) = @ [c*(Ra + ew, ew),ew] < D [c*(ew, ew), ew] = (0, e) <
oo for (a,e) e R, X E.
Let £ be the set of functions ¢ : R, X E — R, such that c(a, e) is increasing
ina, 0 < c(a,e) < c*(Ra+ ew, ew), and
sup |D[c(a,e),ew] —¥(a,e)| < co.
(a,0)eR, XE

For any ¢ € £, we have

sup Dc(a,e),ew]

(a,e)eRXE

< sup Yla,e)+ sup |®@[c(a,e),ew]—yl(a,e)l
(a,e)eRXE (a,e)eR XE

< max{Y(0,e)} + sup |D[c(a,e),ew]—l(a,e)
ecE (a,e)eR+ XE

< oo.

Thus, ® [c(a, ), ew] is a bounded function of (a,¢) € R, X E.

Define operator K on £ by

O [Kc(a,e), ew]

= max {BRE [D(c(Ra — Kc(a, e) + (1 — j(Kc(a, e),ew))ew, e’),e'w)le], ¥(a, e)} .

Claim C1: For g > 0, ®(c, q) is strictly decreasing in c € (0, c0).
Proof of Claim C1: For 0 < ¢ < 01(gq), we have j(c, q) = ¢(c, g). Thus,

00(c,q) I op(c,q)
- = 11 12
oc oc
_ Uil — U U2
= Uy tup—————
UppUy — Ul
U1l — Uz1U12

= —y—<0.

UppUy — Ul
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For 0 < ¢y < 04(e) < ¢, we have j(o1(q),q) = j(c2,q) = 1. Thus,

(D(Cl 5 Q)

\%

O(o1(9), @)

= u [o1(q), j(o1(9). 9)]
= w[oi(g).1]

> [ 1]

= u [ca, j(c2, q)] = (e, q).

For ¢ > 01(g), we have j(c,q) = 1 and ®(c, g) = u;(c, 1). Thus,

0D(c, q)
oc

= I/tll(C, 1) < 0.

Therefore, for 0 < ¢; < ¢, we have ®(cy, g) > P(c,,q). B

From Claim C1 we know that ¥/(a, e) = © [c¢’(Ra + ew, ew), ew] is decreas-
ing in a.

Claim C2: For c € L, Kc is a well-defined function and Kc € L.

Proof of Claim C2: Fix (a,e) e R, X E and ¢ € L. Let

I1(x) = max {BRE [®(c(Ra — x + (1 — j(x,ew))ew, e'),e'w)le], y(a, e)},

for 0 < x < ¢*(Ra + ew, ew). Thus, [1(x) > Y(a,e) for 0 < x < c*(Ra + ew, ew).
Furthermore, II(x) is increasing in x since we know that ®(x, ew) is decreasing
in x from Claim C1. We also know that ®(x, ew) is strictly decreasing in x,
lim, o @(x, ew) = lim,_ou; [x, o(x,ew)] = oo, and O(c*(Ra + ew, ew),ew) =
Y(a,e). Thus, we have a unique solution 0 < x* < c*(Ra + ew, ew) for the
quation

O(x, ew) = II(x).

Let Kc(a, e) = x*. Thus, Kc is a well-defined function.
We know that 0 < Kc(a, e) < c*(Ra+ew,ew) since 0 < x* < c*(Ra+ew, ew).

To show that Kc(a, e) is increasing in a, we suppose that Kc(a;, e) > Kc(ay, e)

41



for 0 < a; < a,. Thus,

®[Kc(ay, e), ew]
< ®[Kc(ay, e), ew]
= max {BRE [®(c(Ras — Kc(az, €) + (1 — j(Kc(a, ), ew))ew, &), e w)le] , ¥(az, )}
< max {BRE [®(c(Ra; — Kc(ar, ) + (1 — j(Kc(a, ), ew))ew, &), e w)le] , w(ay, )}
= ®[Kc(ay,e), ew].
We have a contradiction. Therefore, Kc(ay, €) < Kc(ay, e).
From y(a, ¢) = ® [*(Ra + ew, ew), ew] we have (0, ) = ® [c*(ew, ew), ew] =

uy [c*(ew, ew), h*(ew, ew)] < co. We also know that @ [Kc(a, e),ew] > Y(a,e).

Thus

|D [Kc(a, e),ew] —¥(a,e)

= O[Kc(a,e),ew] —Y(a,e)

IA

max {E [®(c(Ra — Kc(a, e) + (1 — j(Kc(a, e), ew))ew, e’), e'w)le], y(a, e)} — ¥(a, e)

IA

max {E [D(c(0, "), e'w)le] ,¥(a, e)} — ¥(a,e)

IA

max {E [D(c(0, '), €'w)le] — w(a, e), 0}

IA

E[D(c(0,¢"),e'w)le]

IA

sup |D[c(a,e),ew] —yY(a,e)| + mGE}EX {v(0, e)}

(a,e)eR XE

< oo,
Therefore, we have

sup |D[Kc(a,e),ew] —y(a,e)l < oo.

(a,e)eRXE
]

For c¢,d € L, define

p(c,d)= sup |D[c(a,e),ew]—®[d(a,e),ew]]|.

(a,e)eRXE
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Thus, we have p(c,d) > 0. We also know that

plc,d) = sup |D[c(a,e),ew] — D [d(a,e),ew]|
(a,e)eR4XE
< sup |D[c(a,e),ew] —y(a,e)l+ sup |D[d(a,e),ew]—y(a,e)l
(a,e)eRXE (a,e)eRXE
< 09,

Apparently, p(c,d) = p(c,d). If p(c,d) = 0, we have

O [c(a,e),ew] = D[d(a,e),ew],VY(a,e) e R, X E.

Thus,
cla,e) =d(a,e),¥(a,e) e R, X E,

since we know that ®(c, g) is strictly decreasing in ¢ € (0, c0) from Claim CI1.

For b, c,d € L, we have

p(b’ d) = Sup |(D [b(a’ 6), eW] -0 [d(aa 6), eW] |
(a,e)eRXE
< sup |D[b(a,e),ew] — D[c(a,e), ew]|
(a,e)eR XE
+ sup |D[c(a,e),ew] — D[d(a,e), ew]]|
(a,e)eRXE

p(b, ) + p(c, d).

Therefore, (L, p) is a metric space.

Claim C3: Metric space (L, p) is complete.

Proof of Claim C3: Suppose that {c,}, _, is a Cauchy sequence in (L, p).
Thus, for each (a,e) € R, X E, {® [c,(a, e),ew]},,_, is a Cauchy sequence in R

and it has a finite limit #(a, ¢). For £ > 0, we choose M, such that m,n > M,

implies that p(c,,,c,) < %, since {cm},-; 1s a Cauchy sequence in (£, p). For
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each (a,e¢) e R, X E and m,n > M., we have

IA

|D [c(a, e), ew] — t(a, e)| |D [c.(a, e),ew] — D [c,(a,e),ew]|

+|D [c,(a, e), ew] — t(a, e)|

IA

sup |D[cn(a,e),ew] — D [cy(a,e), ew]]
(a,e)eRXE

+|D [c,(a,e), ew] — ta, e)|

IA

p(Cms €p) + D [ch(a, e), ew] — t(a, )|

< g +|D[c,(a,e), ew] — t(a, e)|.

Since lim,,_,., @ [c,,(a, €), ew] = t(a, e) for each (a, ¢) € R, X E, we can choose n
separately for each fixed (a, ¢) € R, X E such that |® [¢,(a, e),ew] — (a, e)| < .
Therefore, we have
sup |D[cn(a,e),ew] —t(a,e) < &, (A.13)
(a,e)eR, XE
form > M,.

For each (a,e) € R, X E, we pick cy(a, €) > 0 such that
D [co(a, e), ew] = t(a, e). (A.14)

Since @ [c(a,e),ew] > Y(a,e) = @ [c’(Ra + ew,ew),ew] for all m > 1, we
have t(a,e) > ¥(a,e) = O©[c’(Ra + ew,ew),ew]. Thus we have 0 < co(a,e) <
c’(Ra+ew, ew). t(a, e) is decreasing in a since D [c,,(a, €), ew] is decreasing in a.
Therefore, cy(a, e) is increasing in a. Combining Equations (A.13) and (A.14)
we have

p(cm,co) = sup |D[cu(a,e),ew] — D[cy(a,e),ew]| < &,
(a,e)eRXE
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for m > M. Thus we have

sup |D[co(a,e),ew] — y(a,e)

(a,e)eR XE

< sup |D@[co(a,e),ew] — D[cy(a,e),ew]]
(a,e)eR XE
+ sup |D[cu(a,e),ew] —¥l(a,e)l

(a,e)eR4XE
< &+ sup |[D[cpu(a,e),ew]—yl(a,e)
(a,e)eR XE
< o0

b

since ¢, € implies that sup, ,cz,«x [P [cn(a, €), ew] — ¥(a, e)| < co. Thus, the
Cauchy sequence {c,},,_,; converges to ¢y € L. Therefore, (L, p) is a complete

metric space. B
Claim C4: p(Kc, Kd) < BRp(c,d) for all c,d € L.
Proof of Claim C4: Pick any ¢, d €. For each (a,e) € R, X E, we have
D [Kc(a,e), ew]

= max {BRE [D(c(Ra — Kc(a, e) + (1 — j(Kc(a, e),ew))ew, e’), e'w)le], ¥(a, e)},

O [Kd(a,e),ew]
= max {BRE [®(d(Ra — Kd(a,e) + (1 — j(Kd(a,e),ew))ew,e’),e'w)le],w(a,e)}.
Without loss of generality, we assume that Kc(a, e) > Kd(a, e). Thus,
O [Kd(a,e),ew]

max {BRE [®(d(Ra — Kd(a, e) + (1 — j(Kd(a,e),ew))ew, e’), e'w)le] ,¥(a, e)}

IA

max {BRE [®(d(Ra — Kc(a, e) + (1 — j(Kc(a, e), ew))ew, e’), e'w)le] ,y(a, e)} .
Therefore, we have

O [Kd(a,e),ew] — DP[Kc(a, e), ew]
< max {BRE [®(d(Ra — Kc(a,e) + (1 — j(Kc(a, e), ew))ew, e, e'w)le] , ¥ (a, e)}

—max {BRE [®(c(Ra — Kc(a, e) + (1 — j(Kc(a, e),ew))ew, e’),e'w)le], ¥(a, e)}.
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Thus,

|D [Kc(a,e),ew] — ®[Kd(a,e),ew]|
BRE [®(c(Ra — Kc(a,e) + (1 — j(Kc(a, e),ew))ew, e), e'w)le]

—BRE [®(d(Ra — Kc(a,e) + (1 — j(Kc(a, e), ew))ew, e), e’ w)le]
O(c(Ra — Kc(a, e) + (1 — j(Kc(a,e),ew))ew,e’), e’'w)

BRE e
—®(d(Ra — Kc(a,e) + (1 — j(Kc(a, e),ew))ew,e’), e’'w)

IA

ﬁR( sup @ [c(d,€'),ew] - D[d(d,e),e'w]|

(a’,e)eR L XE

BRp(c, d).

Therefore, we have p(Kc, Kd) < SRp(c,d). m
By Theorem 3.2 (Contraction Mapping Theorem) in Stokey and Lucas (1989),
we know that the operator K has a unique fixed point ¢ € £.° Starting from any

c' € L, we generate a sequence {ci}il by letting ¢! = K¢ forall i > 1. We

also know that lim;_,., p(c’, ¢) = 0. This fixed point c is the candidate optimal
policy function of the original dynamic uitlity maximization problem.
If Case B) of Assumption 5 holds, we have
lim sup W(c,A) < 1,VA >0,

c—00

where

Y(c,A) = max {M}

nivelo) | uy(c + A, h)

® An important implication of this contraction-mapping argument is that u, (c, /) is bounded.
Furthermore, we know that u;[c(0, e), h(0, e)] is bounded for all ¢ € E. Thus, min.cg {c(0, e)} > 0
is the lower bound of consumption. To use this contraction-mapping argument, we do not
need Assumption 5. Moreover, this argument does not need the assumption that the utility
function u(c, h) has a lower bound. Li and Stachurski (2014), Acikgoz (2018), and Stachurski
and Toda (2019) apply this contraction-mapping argument to income fluctuation problems with

exogenous labor supply.

46



Letting A = 0, we have

Y(c,0) = max {

h,h€[0,1]

u(c,h)
u(c,h) |’

Thus, for & = 3 ([# - 1), there exists C > 0 such that

ui(c,h’)
ui(c, h)

<1l+¢gVhh' €][0,1],

for all ¢ > C. Thus, there exists

o
Il
S~ | Oy

such that
u(ra,h’)
ui(ra, h)

Claim C5: The fixed point of K satisfies

<1+e&Vhh €]0,1],Va > A.

cla,e) > ra,Ye € E,

fora > A.

Proof of Claim C5: If » < 0, then we have c(a,e) > 0 > ra for a > 0 and all
ec k.

If r > 0, we pick ¢! € £, such that c'(a, e) = ¢*(Ra + ew, ew) for a > 0 and

all e € E. We have

cl(a,e) = c*(Ra+ew,ew)

= Ra+ (1 - j[c’(Ra+ ew,ew),ew])ew

\%

ra,

fora>0andalle € E.

For i > 1, suppose that
c'(a,e) > ra,¥(a,e) € [A, ) X E.
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We want to show that
c™a,e) = Kc'(a,e) > ra,¥(a,e) € [A, o) X E.

Suppose that this is not true. Then we know that there exists (a, €) € [A, ) X E
such that

c*a,e) = Kcl(a, e) < ra.

Thus,

c'(Ra— Kc'(a,e) + (1 — j(Kc'(a, e), ew))ew, ')

\%

r [Ra — Kc'(a,e) + (1 — j(Kc'(a, e), ew))ew]

%

r [Ra - Kc'(a, e)]
> r(Ra—ra)

= ra.
Therefore, we have

®(Kc'(a, e),ew) = BRE [CD(ci(Ra — Kc'(a,e) + (1 — j(Kc'(a, e), ew))ew, €'), e'w)le] ,

since Ra — Kc'(a, e) + (1 — j(Kci(a,e),ew))ew > a > A > 0. Thus,

D(ra, ew) O(Kc'(a, e), ew)

A

= BRE [(D(ci(Ra — Kc'(a,e) + (1 — j(Kc'(a, e), ew))ew, e’), e'w)le]

< PBRE[®(ra,e'w)le].

Thus we have

O(ra, e’'w)

O(ra, ew)

1 < ,BRE[ e]

ui [ra, j(ra,e'w)] ‘ e]

PRE ui [ra, j(ra,ew)]

BR(1 + &) = %(ﬂR+ <l

A
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‘We have a contradiction.

By mathetical induction, we have, for all (a, e) € [A, o0) X E,
c'(a,e) > ra,Vi> 1.

Thus we have

O(c'(a, e), ew) < O(ra, ew), Vi > 1.

since we know from Claim C1 that ®(-, ew) is a strictly decreasing function.
Since lim;_, p(c’, ¢) = 0 implies that lim,_,, ®(c'(a, ), ew) = O(c(a, e), ew), we

have ®(c(a, e), ew) < O(ra, ew), i.e.
c(a,e) > ra.

Claim C6: The first-order conditions
uy(cs, hy) = BREuy(ci41, hirr), with equality if a,1 > 0, (A.15)

ux(cy, hy) = uy(c, hy)ew, with equality if b, < 1, (A.16)

and the transversality condition
lim Eof'ui(cr, h)a = 0, (A.17)
[— o0

are sufficient for the optimal solution of the original dynamic utility maximiza-
tion problem.
Proof of Claim C6: For ay > 0, {(c;, hy, ai+1)}2 18 a feasible sequence satis-
fying
¢+ a1 = Ra, + (1 — h)ew, Yt > 0,
and

at+] Z O, Vl Z O.
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The path {(c;, hy, a.+1)} - satisfies the first-order conditions and the transversality
condition. {(@, fzt, Qs 1)}{_() is an alternative feasible sequence starting from ay =

ay and satisfying
& + 8,01 = Ra, + (1 = hy)e,w, Nt > 0,

and

flt+1 Z O, Vl Z O.

From the budget constraints, we have
¢ — ¢ =R(a,—a) — (a1 — Qpy1) — (ht - hz) ew.
Since u(c, h) is strictly concave in ¢ and &, we have

u(cy, hy) — u(cy, ]:lt)

i (cr, h)(c; = &) + ua(cs, he)(hy — hy)

\%

\%

ui(cy, hy) [R (a; — a) — (A1 — Q1) — (ht - ilt) etW] + us(cs, hy)(hy — ilt)

ui(cy, hy) [R(a; — a,) — (a1 — )] + [ua(cy, hy) — ui(ce, h)ew] (hy — ilz)

\%

From the labor-leisure decision equation (A.16), we know that 4, < 1 implies
that uy(c,, h,) — uy(c;, hy)e,w = 0. Furthermore, i, = 1 implies that &, — ﬁt >0.In

these two cases we have
[ua(cir hy) = wr(er h)ew] (hy = hy) 2 0.
Therefore, we have

u(cy, hy) — u(C,, ilt)

> u(c, hy) [R(a; — a;) — (a1 — a1)] -
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For T > 1 we have

Eol_of' |u(ci, hy) = (@, )|
EO,T:(),BZUI(C:, h) [R(a; — a;) — (@1 — Qri1)]

= EO,T:_()l ! [ul(ct, hy) — BREu(ct41, ht+l)] (@1 — Ap11)

Y

—EO,BTul(CT, hr)(ars1 — ars) .

From the Euler equation (A.15) we know that a,,; > 0 implies that u;(c;, h,)—
BRE u\(¢41, hir1) = 0. Moreover, a,,; = 0 implies that a,,; — a,+; > 0. In these

two cases we have
[t1(cs, ) = BREuy (Crits heet)] (@1 — @i11) 2 0.
Therefore, we have
Eo'B' [ui(ci, he) — BREui(Cra1s hyst)] @ust — @rer) 2 0.
Thus, we have

_EOIBTul(CT, hr) (ars1 — ar+1)

EoLof [uler, hy) — u(@,, )|

v

\%

—EO,BTul(CT, hr)ar1,

since ar,; > 0. By the transversality condition (A.17), we have

Eo2oB' [u(crs ) = (@ b)) = = lim EoB"ui(cr, hr)ar. = 0.

Thus, the path {(c;, h;, a;41)}~ 1S Optimal. m

Now I verify that the fixed point of operator K satisfies all the conditions
in Claim C6. By the construction of the opertaor K, its fixed point ¢ € L
satisfies the first-order condtitions (A.15) and (A.16). We only need to verify

the transversality condition (A.17). For any ¢ € £, ® [c(a, e), ew] is a bounded
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function of (a,e) € R, X E. Thus, {u;(c;, h,)};2, is bounded. Then, we only need
to show

lim EO,B’a,+1 =0.
—o0

From Claim C5 we have

a1 = Ra;—c,+ (1 —h)ew
< Ra,—ra;, + (1 — h)ew
< a+ew
< a; +ée'w,

for all > 0. Thus, we have
a1 < ag+ (t+ 1e''w.

Apparently, we have lim,_,., Eo'a,,; = 0.
Suppose that, for some e € E, we can pick sequence {a,},_, such that

a'(a,,e) > a, form > 1, and lim,,_,, a,, = 0. Thus, we have

c(ay,e) = Ra,—dl(a,,e)+ (1 -h,)ew

IA

Ra,, — a,, + (1 — h,)ew

= ra,+ (1 - h,ew

IA

ra, + ew.

If r < 0, then c(a,,e) < ew for m > 1. We have a contradiction since

lim,, , a,, = oo implies that lim,,_,. c(a,,, €) = co from part 1) of Proposition 3.

If r > 0, we have a’(a,,, ¢) > a,, > A > 0 for a,, > A. Thus, we know that
c(d(ay,e),e) > rd (ay,,e) > ra, Ve € E,
from Claim C5. Therefore, we have
@ [c(an, ), ew] = BRE [®(c(d (an, e), e'), e'w)le] < BRE [D(ra,,, e'w)le] .
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Thus,
D(ra,, + ew,ew) < @ [c(ay, e), ew] < BRE [D(ra,,, e'w)le] .

Therefore, we have

O(ra,,, e'w) S 1
el 2 —,
O(ra,, + ew, ew) BR

which implies that there exists ¢’ € E and a subsequence {a,,},-, such that

{ uy(rap,, h') }> uy [ray,, j(ray,, ew)) 1

> - >—>1
uy(ra,, +ew,h) up [ran,, + ew, j(ra,, +ew,ew)] ~ SR ’

max
hrel0,1]
since E is a finite set. Therefore, we have
) 1
lim sup W(c,ew) > — > 1,
=00 BR

which contradicts Case B) of Assumption 5.

Consequently, we know that there exists k” > 0 such that
d(a,e) <a,Ve€E,

fora > k’. m

3 Appendix C

3.1 Proof of Theorem 7
Proof: For any bounded continuous function f on X, define
(Tof)(x) = ff(X')Pe(x, dx'),¥x € X,¥0 € O,
X

and
fL, ) = f f(0)A(dx), Y1 € A(X, B(X)).
X

Define operator T, on A(X, B(X)) by
(ToA)(B) = ng(x, B)A(dx), VB € B(X).
X
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From Theorem 8.3 and its corollary, posited by Stoky and Lucas (1989), we
have

(Tof . ) = (f. Tz ) .Y € A(X, B(X)).

Condition (b) implies that (7 f)(x) is continuous in (x, ). Let OcObea
compact set containing {6,} ", and 6,. Thus, it is uniformly continuous on the

compact set C x ®, where C is a compact subset of X. Condition (c) implies that
(Tg,1n)(B) = pn(B), VB € B(X).

For &€ > 0, condition (d) implies that we can pick compact set C C X such

that
£
AllfIr

where ||f]| = sup,y | f(x)| < oo is the sup norm of f. Since {6,},., and 6 lie in 6

1(X\C) < Vn> 1,

and lim,_,. 6, = 6, it follows from the uniform continuity of (T, f)(x) on C x ©®

that there exists N > 1 such that

(To, /)(x) = (To, X < g VxeC.Vn> N.
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Thus we have

T, f>ttn) = {Too.f> ) |
= (To,f = Toofs 1tn) |
< AITo,f = Too f1, 1)

= f |(T9nf)(X) - (T(Jof)(x)
X

Hn(dx)

_ f (T, ) — (Tan O aa(dl) + f T p - @ el
C X\C

IA

f g,un(dXH f |(T4,/)(x) = (Tao £)(0)| pn(dx)
X X\C

IA

3t f [|T0, N + [(Ta )| )
X\C

IA

§+ f 211 lln(d)
X\C

e
2

IA

8+
i :8,
2

since [(Tof)(0)] = | [, f()Po(x,dx')

< |IfIl. Therefore, we have

| <T0nfuun> - <T6)0f’:un> | <g, ¥n > N.

That is,

1}1_)1110 | <T9nf’ ,un> - <T00f’ /ln> | =0. (A.18)

We know that {u,} >, is tight from condition (d). From Theorem 5.1 posited
by Billingsley (1999), we know that it has a weakly convergent subsequence.
Let {u,,}:2, be such a subsequence, and let /i be its limit. Thus, for any bounded

continuous function f on X, we have

|<f’/~/l> - <T90fa/:2> |
< | (f,ﬁ> - <fnuni> | + | <fnuni> - <T90f’:uni> | + | <T90fnuni> - <T90f’:a> |
Since f and Ty, f are bounded continuous functions on X, and {u, };>, converges
weakly to 1, we have lim;. | (f, 1) — (f. )| = 0 and lim;e | (T, f tn;) —
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(T4, f>f1)| = 0. By Equation (A.18) we also have

llgg | <f, ,Uni> - <T90f’ /J”i> | 11121 | <f’ T;n,»’u”’) B <T€0f’ #”i> |
= lim| (To, o) = (Tanfobtn)]

0.

Thus, for any bounded continuous function f on X, we have

iy = Too .10y = (£ To 1)

Hence, by Corollary 2 to Theorem 12.6 proposed by Stokey and Lucas (1989),
we have

A(B) = (Tof1)(B), VB € B(X).

Thus, /1 1s a fixed point of Pg,(-,-). ®
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