Public Debt and Wealth Inequality
By Xi1aoLu L1 AND YANG TANG AND JINGJING ZHU AND SHENGHAO ZHU*

The issuance of public debt affects the return on assets in the
market, and then affects the macroeconomic equilibrium and wealth
distribution. We use a two-period overlapping generations model
with idiosyncratic investment risk to analyze the impact of public
debts on Macroeconomy. Using a perturbation method, we find the
the influence results of the disturbance problem. We use welfare
mazimization to investigate the optimal debt. Keywords: Public
debt; Two-period OLG model; Welfare; Pertubation

The level and type of government debt has long been an important fiscal policy
concern (Aiyagari and McGrattan (1998)). The issuance of public debt provides
liquidity to finance the market and can affect market asset yields , which can and in
turn affects macroeconomic equilibrium and wealth distribution, and improve risk
sharing by increasing liquidity in the economy (Flodén (2001)). In this paper, we
develop a two-period overlapping generations model with idiosyncratic investment

risk to study the optimal size of public debts.

Due to the ravages of the new coronavirus, governments in recent years have
pursued aggressive debt financing policies to stimulate the economy. Until 2022, the
Federal Reserve announced a 75 basis point interest rate hike at the end of July,
which was the fourth rate hike so far this year, and its largest concentrated rate
hike since the early 1980s. The latest news is that the Associated Press reported on
October 4 that the total public debt of the United States has exceeded $31 trillion,

and the debt amount is getting closer to the statutory maximum limit of about
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$31.4 trillion set by Congress on the borrowing capacity of the U.S. government.
In response to this phenomenon, the Peterson Foundation noted that U.S. fiscal
spending was already on an unsustainable path prior to the COVID-19 outbreak, and
the outbreak rapidly exacerbated the U.S. fiscal challenges. Against the backdrop
of the U.S. government’s continued expansion of fiscal spending and the Federal Re-
serve’s increasing interest rate hikes, major neighboring Latin American economies
are facing serious challenges such as rising inflation and local currency depreciation,
and the "brutal growth” of U.S. government debt has raised concerns from all walks

of life.
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FIGURE 1. ToTAL PUBLIC DEBT AS PERCENT OF GROss DOMESTIC ProDUCT (2012/1/1-2022/7/1)

Figure 1, we used the Federal Reserve’s data !, which reports the ratio of U.S.
public debt to GDP in recent years. We can see that the ratio rose sharply around
2020 and then fell, fluctuating about 125% for the rest of the year. The economic
fallout of the COVID-19 health crisis is likely to accelerate these patterns going
forward, as governments pursue aggressive debt-financed stimulus policies.

Based on this background, we explore whether we can find the optimal size of the

public debt issuance. What is the relationship between welfare and inequality? We

1Web site address: https://fred.stlouisfed.org/series/ GFDEGDQ188S
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also use a flow-tracking approach to find the impact of the public debt on different
income groups of the population.

We develop a two-period overlapping-generations dynamic macroeconomic model
with heterogeneous households to study the optimal size of the public debt. House-
holds face idiosyncratic income shocks, including labor efficiency shocks and the
investment return risk. The economy has no aggregate risk. There is a continuum
of measure 1 families in the economy. Each family consists of one parent and one
child. Individual is young in the first period of his life and becomes old in the second
period. Each old agent gives birth to one child. The population of the economy
keeps constant. When agents are in the young period, they receive wages as work-
ers and inheritance. Spending includes consumption, investment and the purchase
of public debt. The income sources of agents in their old-age include profits from
operating an enterprise, capital incomes from previous investment and interest on
public debt. Expenses include consumption and bequests left to children.

To evaluate the quantitative significance of our findings, we begin with a detailed
calibration of the model that replicates the US economy, including the distribution
of wealth and earnings. Thus, in the model, the top 1% appear to match the data
well, at least with respect to their key economic characteristics. We then use the
calibrated version of the model to quantitatively determine the answers to the above
questions.

We study the impacts of public debts on the wealth distribution. Public debts
influence debt returns and private firm returns in the general equilibrium. Thus
public debts influence the wealth distribution. We investigate the impacts of public
debts on the tail of the wealth distribution. The stationary distribution is the
fixed point of a functional equation, which describes law of motion of the wealth
distribution through the transition probability. To find the stationary distribution,
we use machine learning to solve the functional equation. We can easily construct
the loss function using the functional equation. We show that the individual wealth
distribution has a unique stationary distribution with an asymptotic Pareto tail.

We also use the perturbation method to find the impact of public debts on in-
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dividuals with different income levels. Clarify the basis for determining the most
public debt level through the perturbation decomposition of the welfare distribution.
This decomposition is particularly useful in considering the impact of changes in the
public debt because it allows us to measure the impact on each of the components.

The main marginal contributions of the article are the following three points. First
we explore the relationship between public debt and wealth inequality using a two-
stage generational overlap model. Second, the idea that uninsurable labor income
risks may justify the optimal public debt is not new but we find stable distributions
using a machine learning approach to decompose the impact of national debt into
channels. Finally, based on the parameters of the model and the social welfare

maximization principle, we find the optimal level of national debt.
I. Literature review

Modeled as early as in Barro (1979) develops a simple theory of ’optimal’ public
finance that identifies some factors that would influence the choice between taxes
and debt issue. We conduct our analysis with the help of an incomplete markets
Aiyagari-Bewley framework , which Aiyagari (1994) combines Brock and Mirman
(1972)’s theory on the standard growth model and Bewley (1986)’s theory about
idiosyncratic labor endowment shocks, provide an exposition of models whose ag-
gregate behavior is the result of market interaction among a large number of agents
subject to idiosyncratic shocks.

One the one hand, the Aiyagari-Bewley framework is widely used in the study of
various types of fiscal policies. We divide existing works into three groups based on

their methodologies.

(1) NEOCLASSICAL GROWTH MODEL. — Several papers analyze fiscal problem using
a representative agent neoclassical growth model and emergence of a body of lit-
erature directly analyze the government debt budget constraint, the seminal work
of Aiyagari and McGrattan (1998), Flodén (2001), and Nakajima and Takahashi
(2017), among others.
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In this economy households are exposed to idiosyncratic income shocks but no
aggregate risk. These shocks are uninsurable because insurance markets are absent.
Aiyagari and McGrattan (1998) using the heterogeneous agent trading in risk-free
assets capital and government debt, with endogenous labor supply incomplete mar-
ket model and data from the United States after World War II find that the welfare
gains at the optimal level are negligible worries about high debt levels in the United
States or other economies are misplaced. Under the similar framework, Flodén
(2001) argued that both debt and transfers can significantly improve risk sharing
and that transfers would be more effective than public debt if a utilitarian welfare
criterion is used. When the government is allowed to choose transfers optimally,
the role of public debt disappears and the optimal level of debt is -100% of output.
Nakajima and Takahashi (2017) extend this models by incorporating consumption
taxes, and calibrate the Japanese economy for the 1995-2013 period, analyze the
influence of huge government debt on social welfare and find that the optimal level

of government debt is ~50% of GDP for Japan.

(2) RAMSEY PROBLEM. — In other literature to study the optimal Ramsey plan
for a broad set of fiscal instruments in an environment with incomplete markets,
such as Acikgoz (2015), Gottardi, Kajii and Nakajima (2015), Rohrs and Winter
(2017) and Acikgoz et al. (2018), etc. Especially Dyrda and Pedroni (2021) con-
sider complete-markets versions of model in which can analytically characterize the
optimal fiscal policy, the Ramsey problem in this quantitative general equilibrium
model of heterogeneous agents and uninsurable special risks is named the Standard
Incomplete Market (SIM) model.

Aiyagari (1995) finds that the tax on capital must be positive at the steady-
state solution of the Ramsey problem. But Gottardi, Kajii and Nakajima (2015)
in addition to considering government bonds and physical capital, human capital
is added, show that the existence of a steady state imposes no real restriction on
the value of the tax rate on capital and the optimality of a positive tax rate is

primarily determined by the comparison of costs and benefits of the tax and debt.
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Again, Acikgoz (2015) concludes in Aiyagari (1995) this premise is premature in
an infinite-horizon model with incomplete markets and heterogeneous agents, and
he Use the necessary conditions for optimization shown that long-term income tax
rates, levels of government debt, and the distribution of wealth and consumption
can be studied independently of the transition path and without taking a position
on the initial conditions of the economy. Acikgoz et al. (2018) prove that there is a
unique long-term optimal level of government debt that is independent of the initial

debt level, the optimal long-term level of government debt is 1.1 times GDP.

(3) OVERLAPPING GENERATIONS MODEL. — Several papers use an overlapping gener-
ations model. Wan and Zhu (2019) use a decomposition technique to investigate the
impact of estate taxes on the long-run wealth inequality not the optimal issuance
of national debt, and find that the different results of estate taxes are due to the
different redistribution effects.

One the other hand, in the last 40 years labor earnings, market income and wealth
inequality have increased substantially in the U.S. at the top end of the distribution
(Kindermann and Krueger (2014)). Based on Aiyagari-Bewley framework, some
studies use a persistent skewed distribution of stochastic earnings to explain the
wealth distribution and wealth inequality, such as Castaneda, Diaz-Gimenez and
Rios-Rull (2003), De Nardi (2004), Alonso-Ortiz and Rogerson (2010), Kindermann
and Krueger (2014), Chang (2022), etc.

De Nardi (2004) examining the impact of bequests on welfare by establishing in-
tergenerational relationships between two generations of legacy additions and find
that voluntary bequests can explain the emergence of large estates, which are often
accumulated in more than one generation, and characterize the upper tail of the
wealth distribution in the data. The relationship between marginal tax rates and
welfare for the top 1% part of the income distribution is mainly studied in Kin-
dermann and Krueger (2014). Chang (2022) propose a different perspective about
the study of the links between central bank policy and inequality, he do not offer

an answer to the question of what the social objective function should be, but the
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question of what the central bank’s mandate should be. And he point that in the
presence of heterogeneity and the central bank lacks commitment power, the central
bank mandate should be less egalitarian than the social welfare function. Similarly,
Rohrs and Winter (2017) find that if inequality is large, the optimal level of debt
that maximizes the steady-state welfare is even lower and should be negative, -0.8.
One reason why the optimal level of debt is low or even negative when steady-state
welfare is maximized is that this criterion ignores the welfare loss of reducing debt

along the transition path to a low-debt steady state.

COMMENTARY. — Our paper builds on previous studies in the literature and builds
on the heterogeneous agents and idiosyncratic income shocks model by internalizing
payroll tax rates and externalizing estate and capital taxes to investigate not only
the optimal amount of public debt issuance, but also the corresponding welfare and
inequality relationships using a two-stage OLG model.

The remainder of the paper proceeds as follows. The benchmark model is intro-
duced including environment and general equilibrium in section II. Section III the
distribution of wealth and young-age income, the social welfare and the equation
for the perturbation of public debt are introduced respectively. Section IV, we use
the percentile results of the wealth distribution and young-age income distribution
in the model to match the actual situation in the United States, and determine the
parameters used in this paper. Section V and Section VI report the numerical and
perturbation results of the model respectively. Finally, we concluding remarks are

contained in section VII.
II. The benchmark Model

We set up a two-period overlapping-generations model with idiosyncratic risk.
There is a continuum of measure 1 families in the economy. Each family consists
of one parent and one child. Individual is young in the first period of his life and
becomes old in the second period. Each old agent gives birth to one child. The

population of the economy keeps constant. We describe the balanced growth path
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of such an economy without insurance markets but with trading in risk-free assets
(debt) and risk assets (capital). The young agent work as workers and are inelastic
in providing 1 unit labor. He becomes an entrepreneur and operates a firm when
he is old. The financial market is incomplete and borrowing is not allowed. We also

assume that there are no aggregate shocks.
A.  Environment

Government issues debt in each period to pay them back in the form of taxes.
There are three forms of taxation: payroll tax (7,), corporate tax (7,) and inher-
itance tax (7,), the inheritance income after-tax is z = (1 — 7,)z. In particular,
w = (1 — 7)w represents the after-tax wage rate. We give the rules of conduct for
government in the market. The supply of public debt B, is assumed to be exogenous.
The government decides the payroll tax 7, to balance its budget in each period, R

is the gross interest rate and endogenously determined,
RiBy = By 1 + Twrwy + th/zt + Tpt/ﬂ—t-i-l(et-l-l: kiy1).

Individual have two stages of consumption. He can choose to spend in the first
stage (when he is young, ¢;) or in the second stage (when he is old, ¢;41) to spend and
leave part of his inheritance (z¢41) to his children. Specifically, individual preference
is featured with “joy-of-giving” bequest motive. While they receive bequest from
their parents, they also leave bequest to their children to gain utilities.

The agent derives utility in period ¢ from consumption, this utility is given by
6;7 /(1 —~); and from consumption and inheritance in period ¢ + 1, this utility is
given by 057;11/(1 — )+ x[Q = 7)z41]" 77 /(1 =), where v is the relative risk
aversion, x measures the weights of bequest in the preferences, 8 is the subjec-
tive discount factor. We also denote pr = c¢1+/y; to be the expenditure share on
consumption in the young-age, the remaining expenditure then go to investment.

Denote ¢i11 = kit1/(ki+1 + beg1) to be the fraction of capital in the investment
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portfolio, the remaining are then invested in the public debt, where ki1 and b;1q

denote the holding of capital and public debt in old-age, respectively.

Definition I1.1 The optimal policy functions of individuals (c1t, pt, Pt41, 2,441,
zi41) are given by

1. (ca441, Zt41) solves

1—v 1—
c 1—7 Z K
max 2L X[( 2 t41) Zt41] L5t Copst + 2ee1 = hera;
c2413241 1 — Y 1- Y
2. (c1t, pi, Pry1) solves
1— 1—y 1-
c C 1—-71 z v

max 1,¢ +BE 2,t+1 + X[( Z’tJrl) t+1] , 8.t. Cl,t+k3t+1 +bt+1 = Yts
e 1 —7 -~ L—x

3. and, yr = (1 — 7o)zt + (1 — Topt) e,
hiv1 = (1 — 7pt41) g1 (Oeg1, ke1) + (1 — 0) k1 + Rerbeyr
where Yy and hyy1 are incomes when the young-age and when the old-age. There
is a continuum of mass 1 of workers indexed by their labor shock n € Y, log(n) ~

N(Mnﬂf%) and the actual mean of n, exp(pu, + 03]/2), must be equal to 1.

The old agent creates a firm, hires young workers to produce the unique type of
consumption goods available in the economy. Production requires both capital and

labor. Specifically, the production function takes form:
Y = 0AK*% o € (0,1),

Definition I1.2 We assume competitive product and factor markets, the optimal
firm problem is (lyy1,my1) such that
1. (ly41,m41) solves 1}1ax9t+1Ak?+1l§;f“ — wya1lert
t+1

where the aggregate technology level is denoted as A, wyy1 is the wage rate. And

0 is an idiosyncratic productivity shock.

The idiosyncratic productivity is assumed to follow a truncated logarithmic nor-
mal distribution with a mean of pg and a standard deviation of gy, © is the set of

all 6;. And, we have: 0 € ©, where log(0) ~ N (ug,03).



10 AMERICAN ECONOMIC JOURNAL

Proposition I1.1 The consumption (ca+1) of the elderly, the inheritance retention

(zt+1), the labor demand (l;+1) and the profit (mi+1) are then given by

1
0;01A(1l —a) |«
(1) liy1 = [Hl ( )] kiya,
Wi+1
a—1
1w o
(2) Tit1(Or+1, kiy1) = a(Oi41A) @ <1 tj;) ki1,
1
(3) 2,041 = hit1 - —

L+ x"(1 =72 pq1)

1

1
h 7 (1 — ¥
(4) her = : t4+1¥ - X ( Tot+1)7

1—v

P = 1
1 —Top41) 14 x7 (1= Togg1) 7

The inheritance income after-tax is Z;+1 = hy+1¢, thus ¢ is the after-tax inheri-

tance income ratio, represents the proportion of income left to children in old-age

Proposition I1.2 The optimal policy functions of individuals are then given by

(5) c1p = pe[(1 — 7o) ze + (1 — Tor)mpwy],
(6) kir1 = dpr1(1 — pe)[(1 — 7o)z + (1 — Twe)mewe],

(7) E {[wt+1(9t+1)¢t+1 + Rep1(1 = dey1)] 7 (Wi (0141) — Rt+1)} =0,
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® {E[wt+1(9t+1)¢t+1 + Reya (1 - ¢t+1)]1_7}7
Pt = _1-
(B1)7 +{ Bl @ri1)orsn + B (1 - o)) 7}
Where, wi11(041) = (1 — Tp 1) (9t+114)é <1wt_+;> N +1-0.

We use J(6) = w(f)p+R(1—¢) for return on capital, describes the return on assets
of 1 dollar under the optimal portfolio choice, where ¢ represents the proportion of
investment in physical capital, (1 — ¢) represents the proportion of investment in

1 v
debt. Ultimately, I' = <1 +x7 (1 —Tppq1) 7 ) , the optimization problem of a

household is given by the following indirect utility functional equation, wu:

1—
Lt s o)

9) u(y) =
Proof. See Appendix A.A1 for more details.

B. General equilibrium

We consider the players in the market to form an equilibrium market outcome.
The equilibrium liquidation results of labor market and public debt market are

given.

Definition I1.3 Given the exogenous variable the supply of public debt (By), tech-
nology level (A) , and tazation rate {Tp, To¢} , the equilibrium consists a series of
quantities { c1t,co41, ke, be } ,a sequence of prices {wy, Ri} and payroll tax (Tyt)
such that the following holds:
1. Given prices and tax levels, the individual mazimizes utility ( Definition I1.1).
2. Given prices and tax levels, entrepreneurs mazimize profits (Definition I1.2).
3. The government decides the payroll tax T, to balance its budget in each period.
4. The market has cleared (labor market, public debt market).

Labor market clear, (wiy1) solves [li41 = 1.
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Public debt markets clear, (R;) solves [by = By, and RyBy = Byi1 + Twrwi +

Tot [ 20+ Tpt [ T (041, Koy1).-

Proposition I1.3 In the steady state, the exogenous variable (w, K, R) are given

by

1. (w) Given the equilibrium conditions of the labor market,
(10) w=(1—a)AK® (Eaé)a.

2. (K) The aggregate economy has a unique steady state, capital is jointly deter-
mined by the risk-free interest rate R, the consumption ratio p, the investment ratio

¢ and the tax rate Ty,

L N ok 012
(11) Ka—l — ¢(1 _p) 80(1 6) d)

A(E6 ) fpalt =) + (-1 - )}

3. (R) Combine the government decides and the public debt market clear, R is
determined by the consumption ratio p, the investment ratio ¢ and the tax rate T,

(12)

(1= a)ry + Tpa + —22—a(1 — 1)
1

-z

(1= 6)po (1=¢)1-p)

b [

r= pa(l—7) + (1 - 7)1 — )
'

1+

[a_mM+@a—1“ u—ma—mﬂ'

— T,

pa(l—1p) + (1 —7)(1 —a)
Proof. See Appendix A.A2 for the above.

According to the analysis of Proposition I1.2, the expressions of the endogenous
variables are ultimately determined by three important variables: the consumption

share p, the fraction of capital ¢ and the payroll tax rate 7.
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III. Distribution and welfare

According to Diaz-Giménez, Glover and Rios-Rull (2011), wealth as the net worth
of households, and define x¢41 = ki1 +b:41 as individual’s wealth. Novel techniques
are now available to identify and characterize the impact of monetary policy on
distributional outcomes. We use probability density functions to give distributions
of wealth w(x) and the distribution of young-age income g(y), and machine learning
applications are used to obtain a stable distribution, where the distribution results

and loss functions are presented in the Appendix B.B4.

D1sTRIBUTION. — The dynamics of wealth (x;) and young-age income (y;) can be
summarized as follows,

wr: w1 = (1= p) {J(O)zep + (1 — Twr)weme}

Yt Y1 = ye(1 —pe) J(O)p + (1 — T 1) M1 1w.

Let wx,(x) be the probability density function of z;, the cumulative distribution

: —(1-pwn .
function of z;y1, where v = ———————  is:
! (1= p)pJ(6)
z—v(1—p)pJO)\ (L=p)eJ(0)
13) W, Wi (v dfdv.
@ W)= [ [~ wiwmos (G4 (0w
Let gy, (y) be the probability density function of y;. the cumulative distribution
function of 4.1, where p = &, is:
(1= p)pJ(0)
1
(14)  Grrly / / Gl <y 1 = )«PJ(9)> (1- ;ww)d@du

Proposition II1.1 The individual wealth distribution has a unique stationary dis-
tribution with an asymptotic Pareto tail of an exponent k, i.e.
1-W
lim 2@ _ ¢

T—00 K
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with C > 0. And Kk solves
E[(1-p)pJ(0)]" = 1.

Definition II1.1 (The stationary distribution) For all x > 0 and y > 0, the
stationary distribution of {x}ioq and {yt}ig,

1. w(z) solves w(z) = [ [ w(v)p(f)q

2. gy) solves g(y) = [, [, g (1) p(6)a (

Proof. See Appendix B.B1 and B.B2 for all above.

x—v(l—p)pJ(0) 1 5
= > a—po
y — (1 —p)wJ(9)> éd&du.

SociaL WELFARE. — The indirect utility function measures individual welfare levels,
we aggregate the Equation (9) above to obtain the aggregate welfare about the
young-age income probability density function g(y),

P BT - p) VB {J(0)1)

(19 V)= [uwws - — [ st

Proof. See Appendixz B.BS3.
IV. Calibration

We calibrate the initial stationary equilibrium of the model to replicate key prop-
erties relevant for the shape of the optimal public debt and welfare in the U.S.

economy. Each period in the model corresponds to 20 year.

CALIBRATION FROM LITERATURE. — To calibration the model, we first fix a few
parameters to the levels typically assumed in the literature (see Table 1). There is no
uniform standard for the selection of these parameters in the article, we determined
the values of the required parameters based on previous literature. The literature
is documented as follows:

(8) the subject discount factor with 1-year is set to be 0.9511 (Gottardi, Kajii and
Nakajima (2015)), 0.96 (Aiyagari (1994)), 0.98 (Acikgoz (2015)) and from 0.9806 to
1 (Aiyagari and McGrattan (1998)).
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TABLE 1—CALIBRATION FROM LITERATURE

Para. Description Value

B9 subject discount factor 0.98%0

629 capital depreciation rate 1 — (1 — 0.075)%
« capital share 0.30

¥ risk aversion coefficient 2

(6) the depreciation rate of capital with 1-year is set to be 0.06 (Gottardi, Kajii and
Nakajima (2015)), 0.07 (Rohrs and Winter (2017)), 0.075 (Aiyagari and McGrattan
(1998), Flodén (2001)), 0.08 ( Aiyagari (1994), Acikgoz (2015) ). In Acikgoz et al.
(2018) calibrate the model with 10-year periods, adjust the 10-year depreciation rate
to 0.720.

() the risk aversion coefficient such as Attanasio et al. (1999), Gourinchas and
Parker (2002) and De Nardi (2004), the value of the risk aversion factor is usually
set in the range of [1,3], especially in Flodén (2001), Acikgoz (2015) and Acikgoz
et al. (2018) set to be 2.

() the share of income that goes to capital, it is generally set between 0.30 and
0.40, such as 0.30 (Aiyagari and McGrattan (1998),Réhrs and Winter (2017) ), 0.36
(Prescott (1986), Gottardi, Kajii and Nakajima (2015)and Acikgoz et al. (2018) )
and 0.38 ( Dyrda and Pedroni (2021) ).

CALIBRATION FROM US DATA. — To calibrate the model, we set some parameters
within the controllable range according to the actual data in the United States (see
Table 2).

(7p) since July 1987, American corporate income tax has been divided into three
levels of excess progressive tax of 15%, 25% and 34%. This paper sets the tax rate
target at the lowest level of 15%.

(1,) inheritance tax rates, according to US policy, range from 18% to 40%, choose
the lowest standard in our article.

(x) we fit a linear relationship between personal income and consumption, and the

marginal propensity coefficient of consumption was obtained at about 0.725. The
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TABLE 2—CALIBRATION FROM US DATA

Para. Description Match  Source/Target

T profit tax 0.15 15%, 25% and 34%

Tz bequest tax 0.18 7, € [18%, 40%)

X bequest motive coefficient 10.00  Propensity to consume =0.22
A TFP 1.00 TFP € [0.75,1.02]

Note: Income:https://fred.stlouisfed.org/series/PI; Consumption:https://fred.stlouisfed.org/series/PCEC,
TFP:https://fred.stlouisfed.org/series/ RTFPNAUSA632NRUG

corresponding marginal propensity coefficient of save is around 0.27. Inheritance
motivation should be considered in old-age, therefore we determine the value of y
according to the bequest motive and set consumption propensity below 0.27 in old
age.

(A) the total factor productivity is the constant in the production function, which

is normalized De Nardi (2004).

BENCHMARK CALIBRATION. — The benchmark parameter value are summarized in
Table 3. We internalize the tax rate 7, to determine the tax rate in different cases
based on the fact that the supply of bonds equals the demand in the market. The
range of 7, is specified to be (0,1). The idiosyncratic productivity and labor shock

TABLE 3—BENCHMARK CALIBRATION

Para. Description Value
Tw payroll tax € (0,1)
149 Log mean of prod disturbance 0.211
ag Log variance of prod disturbance 0.70
Hn Log mean of labor shock -1

072] Log variance of labor shock 2

are assumed to follow a truncated log-normal distribution, it is truncated to avoid

the concern that the inequality is driven by the fat tail of the distribution.

CALIBRATION RESULTS:. — We will report the stable distribution of wealth found

using the probability density fixed point method. We compare them with U.S.
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data, the numbers of data of wealth distribution in Table 4 and income distribution
in Table 5 from Diaz-Giménez, Glover and Rios-Rull (2011), they calculated the

data from the Survey of Consumer Finances (SCF).

We use percentile tables of wealth and income to show that the parameters selected
in the paper are consistent with actual results in the United States. According to
the analysis in Equation (13), the stable distribution of wealth is reported in Table
4.

TABLE 4—THE WEALTH DISTRIBUTION

Wealth Partition
Percentile 0-20 20-40 40-60 60-80 &0-90 90-95 95-99 99-100
W _share_data -0.002 0.011 0.045 0.112 0.120 0.111 0.267 0.336
W _share_model 0.061 0.038 0.053 0.096 0.105 0.111 0.251 0.285

Note: The first row are the wealth shares we computed from using the real data, the second row are their
model counterparts.

Income is divided into labor income (wages) and capital income. Therefore, we

define income as wage income when young-age and firm profit income when old-age.

TABLE 5—THE INCOME DISTRIBUTION

Income Partition

Percentile 0-20  20-40 40-60 60-80 80-90 90-95 95-99 99-100
Inc_share_data 0.028 0.067 0.113 0.183 0.138 0.102 0.159 0.210
Inc_share_model 0 0.001 0.011 0.028 0.052 0.173 0.494 0.241

Note: The first row are the income shares we computed from using the data, the second row are their data
counterparts.

The wealth and income of our calibrated model match the target moments rea-
sonably well. Top 1% groups share in the wealth and income distribution fits well.
Therefore, we determined the parameter setting of the model according to the dis-

tribution results.
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V. Numerical Exercises

Through calibration, we obtain a set of parameters that match the actual situation
in the United States. Using this set of parameters, we then search for the optimal
case of the public debt. The aim is to quantify the role of public debt in shaping the
distribution of young-age income and wealth. In previous literature, the method of
random number sampling is mostly used for the numerical solution of debt, such as
Aiyagari and McGrattan (1998). The difference in this article is the use of machine

learning to solve stable distributions.

ENDOGENOUS VARIABLE SOLUTION. — The main focus of this paper is to quantify
the role of public debt. We choose to endogenize the wage tax rate, i.e., 7, € (0, 1),
use the supply and demand balance of debt in the market to determine tax rates
at different levels, and report the resulting equilibrium results, i.e., the numerical
solutions of all endogenous variables (solve Equation (7), (8), (11) and (12) see Table
D1).

Due to the increase in supply, the market interest rate (R) decreases. There is
a negative correlation between public debt and tax rate. Rising debt and falling
interest rates have characterized advanced economies over the past 40 years (Mian,
Straub and Sufi (2021)). We validate the relationship between high debt and low
interest rate, which Mian, Straub and Sufi (2021) develops a new framework to
tackle the relationship between high debt and low interest rate. The framework
shows how rising income inequality and the liberalization of the financial sector can
push economies into a low interest rate-high debt environment.

From the point of view of the government, the increase of public debt is conducive
to the government to pull the market domestic demand, which helps stimulate in-
vestment, therefore the corresponding capital investment (K), capital ratio (¢), and
wage rate (w) all increase with the increase of public debt. From the perspective of
firms and individuals, the lower tax rate increases the amount of money in the hands

of individuals, at the same time, it will crowd out a part of individuals consumption,
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FIGURE 2. THE RELATIONSHIP BETWEEN ENDOGENOUS VARIABLES AND PUBLIC DEBT

reduces the ratio of consumption to income (p).

Figure 3 matches that of America’s public debt in recent years and the possible
future debt-to-GDP ratio is projected. The relationship between debt level and
GDP in Figure 3(a), shows that both have the same growth trend. But the public
debt is growing faster than GDP (See Figure 3(b)).

WELFARE. — According to the stable distribution of young-age income and the
Equation (15), the relationship diagram of welfare and debt is obtained, as shown
in Figure 4. With the increase of debt, debt to GDP showed a state of continuous
increase, the highest increase to 143%, when welfare is optimal, the debt-to-GDP
ratio reaches 1.267.

For the stable distribution solution of income, we use a machine learning approach
to search. The process of machine learning is to construct the loss function from

the target data and the predicted data. In our paper we are using the common
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FIGURE 4. WELFARE AND PUBLIC DEBT

Note: The number of each point is the value of Debt to GDP.

mean square error (MSE) to continuously find the optimal combination of g(y) to
minimize the loss. The search process is a two-part process involving forward and
backward propagation. Forward propagation is similar to a blind man going down
a hill, standing on the hill and looking for the way down, given a random initial
point of g(y), to find the fastest way forward. Backward propagation is to feed the
result of each loss back to the g(y) that was guessed at the beginning for a new

weight estimation and a new forward propagation process. From the perspective of
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the central bank mandate, the utilitarian welfare maximization problem is due to its
incentive effect in favor of society and not from the perspective of social inequality,

thus this outcome is best even if the outcome is unequal (Chang (2022)).

—= Gini
—&— Gini min
—— Welfare max

0.80

075

The gini caefficient

o070

Public debt

FIGURE 5. THE GINI COEFFICIENT AND PUBLIC DEBT

Figure 5 reports the change of Gini coefficient, with the increase of public debt,
Gini coefficient decreases first and then increases. When welfare is at its maximum,
inequality is already small, but still not at its most equal. Our consideration of this
phenomenon is that there has been no precise definition of the relationship between
welfare and inequality, and we think it may be because social welfare aims to enhance
the well-being of all people by the state or the government through some means.
According to Maslow’s Hierarchy of Needs, the rich mostly cross the physiological
needs and security needs, while the poor stay at the lowest level, it is very difficult

to guarantee equality for all.
VI. Pertubation of public debt

We apply pertubation method to investigate the effects of debt on wealth distribu-
tion, young-age income distribution, social welfare and other endogenous variables.
This is following Bhandari et al. (2021) in which they decomposed the welfare into

three components using pertubation method and discuss how a policy change can
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affect aggregate efficiency, redistribution and insurance separately. We will give a
technical appendix for solving nonlinear equations using comparative static analy-
sis methods (See appendiz C for detail). We also can use the backward command

in the pytoch package to quickly calculate the derivative results of individual vari-
01
0-2

expression can be found in the section of the corresponding disturbance variables 2.

ables, denote the coefficient of the derivative of -1 with respect to -9. The specific

We only check the effect of the disturbance of debt B in our benchmark model. The

7

superscript, “””, indicates the perturbation term. The results of the comparative
static analysis in Appendix C show that the channels of the variables can ultimately
be divided into three parts, the direct channel of the constant term of public debt

disturbance (B), and the indirect channel of consumption ratio (p) and investment

ratio disturbance (¢).

Step 1: Using differential approximation to calculate the perturbation
of variables such as R, K s Tws dA), p and so on. We analyze the influence
of disturbance on endogenous variables and obtained the perturbation value of the
endogenous variable using the differential approximation method, see Table 6.

Step 2: Channel decomposition of 7, R, K, w(&), J(O), w and w We take
the example of a positive perturbation in the public debt, i.e., an increase in public
debt of 0.01. The expressions for the channel decomposition are obtained using
comparative static analysis (see Equation (16)-(20) ), and the numerical solution of

the channel decomposition is derived automatically using pytorch (Table 7).

Overall, the channel decomposition results for the endogenous variables consist

of three main aspects: the direct utility channel influenced by the constant term

(B), the indirect utility channel influenced by the consumption ratio (p) and the

OR
2See the Appendix C: Equation (C2) for the derivative coefficients for R, F; Equation (C3) for the

0K Ow(6
derivative coefficients for K, a—; Equation (C7) for the derivative coefficients for w(), wé)( ); Equation
17}
C8for the derivative coefficients for w, ?w; See the Appendix B.B1 for the derivative coefficients for w(z),

0 3]
12(::3)7 See the appendix B.B2 for the derivative coefficients for g(y), %; See the Appendix B.B3 for

17}
the derivative coefficients for V., —.
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TABLE 6—ENDOGENOUS VARIABLE PERTURBATION RESULTS

T T-1 T+ s

1.4164 | 1.4064 -1 1.4264 1

0.0732 | 0.0725 -0.0671 | 0.0739 0.0675
0.2621 | 0.2627 0.0610 | 0.2615 -0.0605
1.6647 | 1.6753 1.0571 | 1.6542 -1.0455
0.0491 | 0.0490 -0.0100 | 0.0492 0.0100
0.6210 | 0.6334 1.2332 | 0.6087 -1.2302
0.8276 | 0.8253 -0.2282 | 0.8299 0.2282
0.3136 | 0.3026 -1.1043 | 0.3247 1.1074

Note: We obtained the perturbation values of the endogenous variables using differential approximation,
the initial state variable is the result at moment 7', where T' + 1 denotes a change of 0.01 units in the
positive direction of public debt B, A = +0.01 and the perturbation of the variables is calculated as
hat-t41 = [(T+ 1) = T]/A; T — 1 denotes a change of 0.01 units in the opposite direction of public debt
B, A = —0.01 and the perturbation of the variables is calculated as hatt—1 = [(T'— 1) — T]/A. In the
subsequent perturbations, T'— 1 and T + 1 are defined identically.

ge e 3™ Nw

TABLE 7—CHANNEL DECOMPOSITION BASED ON THE EFFECTS (T+1)

Channel W R K W w
Direct utility channels of debt (B)  -2.21 -1.75 0.05 0.18 1.89
Indirect utility channels of debt (¢) 0.20 0.17  0.02 0.05 -0.15
Indirect utility channels of debt (p) 0.77  0.52 0.00 0.00 -0.64
Sum -1.24 -1.05 0.07 0.23 1.11
Match -1.23 -1.05 0.07 0.23 1.11

Note: Sum: sum of channels; Match: actual perturbation value.

investment ratio (¢). Both Table and Figure show the perturbation results and
corresponding channel decomposition for an increase of 0.01 unit. There is a good
coincidence between the total value of channel and the real value of disturbance,

which also indicates the correctness of our comparative static analysis equation.

B L[ K 0K} 10K
o é OR  ,|0R OR 1 ( K  0JK
an) R‘Bu—@g:;am”aqﬁamsz{“—@(b WH
|OR 1 OK OR
+p OK ’

o I 0p o,
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7o & R: The direct utility channel shows that as the debt increases, the govern-
ment will have more funds to promote socioeconomic development and stimulate
domestic demand, such as increasing infrastructure and employment, both the tax
rate and risk-free interest rate will be reduced; the indirect effect channel is some-

what weakened by the reduction in the tax rate.

. b ¢
(18) K=Ba=5 " a=99
. 0w 9 ~ Ow K
1 Yok ) TR (- 90
P ow ¢ 10) . 1 0K
w=DRhB (1_%)87[((1—@_“}(1—(;5)35 +p ngap]
20 v w
20 idlaopgle K 1 K K
i R ST ‘”gj;{ﬂ—asw acb}'

K & & w: The direct utility of the channel (B ) shows that the increase of public

debt is beneficial to the increase of capital and the wage rate, thus contributing to the

increase in after-tax wage rate; And the indirect effect channel (¢) also contribute to
capital growth. According to Equation (A12), the expression of wage rate is affected
only by the endogenous variable K, so the results of channel decomposition of wage

rate are the same as capital.

Further, we graphically illustrate the decomposition of the risk interest rate w(&)

and the return on capital J(0).

o 0wl) 6
(21) wl0) = B oy

ow(d) K
0K (1-¢)¢

w(@): The perturbation channel of risk interest rate is divided into two parts,

this is because expressions of risk interest rates receive only the effect of capital K.
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FIGURE 6. CHANNEL DECOMPOSITION OF w(0)[T+1]

Note: Initial: T denotes the initial state; End:T+1 indicates the end state; Pertubation denotes the approx-
imate result of the difference. Sum channel represents the sum of all channels. Total pertubation represents
the true disturbance value.

When public debt changes in a positive direction, leading to an increase in capital
inflows into the market, this increase in the money supply is bound to lower its

market interest rate, which is why the risk rate disturbance is negative.

(22)
o fowe) ¢ ¢ OR
TO=8 1%k -9 " K on,
fow®) K OR OR 1 (K 0K
| oK (1—¢)+w(9)_R+&b(1_¢)+%§§U{¢_%(1_¢)}]
Jor 1 oK oR
+p %—%%% (1-9).

J (9): Among them, direct effect channels have the greatest impact when increased
public debt leads to a decline in capital yields due to the corresponding reduction in
risk interest rates. In addition, the increase in public debt is conducive to stimulat-
ing domestic demand, and the positive effects of indirect utility channels partially

weaken the negative effects of direct effects.



26 AMERICAN ECONOMIC JOURNAL

25 1 — Initial.T
End-T+1
=== Pertubation 0
0 i
/
/
/ -2
15 7
7
ya
S —4
10 /
E v
£ A~ -6
= 5 e
,,,,,,,,,,, — _g
[ —
T - -10
-5 =P —— Total pertubation
T e Sum channel
| -12 Channell:B
_10 a ~=- Channel2:phi
° —=- Channel3:.rho
o 2 4 B ) 10 o 2 4 ] B 10
litheta) Pertubation Channel decomposition

FIGURE 7. CHANNEL DECOMPOSITION OF J(0)[T+1]

Note: Initial: T denotes the initial state; End:T+1 indicates the end state; Pertubation denotes the approx-
imate result of the difference. Sum channel represents the sum of all channels. Total pertubation represents
the true disturbance value.

Step 3: Channel decomposition of stable distribution Unlike previous
literature, we have found a stable distribution of wealth and young-age income using
the principle of machine learning, the corresponding technical steps to stabilize the
distribution map and loss function are set out in the Appendix B.B4. Then we use

interpolation method to analyze the disturbance of different distributions.

w(z) = o (v) gz((,x/)) +a() ?;;E:;))
R 811}(-1') ow (b ¢
+ B0 [(1_Tw)<57f((1—¢)_w(1—¢)afi]

(23)

1 ow K 1 K oK
T | _T”)Mfu—mfwgfg{(l—qb)qb_%}

|2, 1 9K aw(x)]‘

gw "I ap " ap

~

w(xz): Where ¢(-) is the probability density function for labor shocks 1, p(6) is the
probability density function of 6, w(-) is the probability density function of wealth.
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FIGURE 8. CHANNEL DECOMPOSITION OF WEALTH DISTRIBUTION w(z) [T+1]

Among them, we directly express some variable coefficients by the definition of their
w(x)
ow

derivative of the distribution w(x) with respect to w.

derivatives, for example, refers to the coefficient obtained after taking the

The stable distribution of wealth has five channels. The first term is the indirect
channel of x which describes the effect of changes in debt on wealth itself; The second
term is the pertubation of the statistical density function of n, which describes the
effect of the change of debt on the labor shock. Other channels include constant
items of change in public debt 3, investment channels qg and consumption channels
p (See Figure 8). Of the five channels, public debt channels have the greatest
impact and investment channels have the smallest impact. The increase in the
public debt will directly lead to a reduction in wealth, because the issuance of public
debt is the state borrowing money from the people where, which is equivalent to
reducing the value of wealth in the hands of the people. But then, after the issuance
of the public debt, the country has money to build infrastructure, ah, or some
transfer payments, as well as the generation of some investment projects, will boost
the country’s domestic demand, that is, the positive impact of the investment and
consumption channel ratio here, the final impact, although still negative, but the

investment channel these to some extent or weaken this part of the results.
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Proof. See Appendix B.B1
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FIGURE 9. CHANNEL DECOMPOSITION OF YOUNG-AGE INCOME DISTRIBUTION g(y) [T+1]

9(y): Where ¢(+) is the probability density function for labor shocks 1, p(6) is the
probability density function of , ¢(-) is the probability density function of young-age
income. Since young-age income y and wealth z differ only by a factor of (1 — p),
the channel decomposition of young-age income is essentially the same as wealth
(See Figure 9).

Proof. See Appendix B.B2

Step 4: Channel decomposition of welfare V Based on the previous analysis,
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we fully characterize the equilibrium for a given exemption level, it is now possible
to understand how changes in the optimal level B affect social welfare. Because
firm make zero profit in equilibrium, individuals maximizing indirect utility V(B),

maximizes social welfare in this economy.

Lemma VI.1 (Directional test for a change in the public debt level B) The
effect of a debt reform B of the initial debt B on social welfare, V, 1s the solution
to the functional equation: for all 0 € ©, the normalized welfare change induced by

a marginal change in the public debt B is given by:

(25)
oy Towe) o ¢ OR
v_BaJ(QE{(l—’Y)J(@) 7[ oK (1—¢)¢+%% }
oV 851(5)(1i( +w(9)_R+g§(1_¢)
T Y R (5 )
Oty 9K \ ¢ 0o
+ﬁagx9)E{(1—v)J(0)‘” (Z};_g}i%[p(gfu (1_¢)}
.oV
+Q(Q)M’

V: Lemma VIL.1 , which presents the central result of this paper, provides a test for
whether to optimally increase or decrease the public debt and implies that measures
of four observable or recoverable variables are sufficient to determine whether the
level of public debt is optimal or should be increased or decreased. In the Equation
(25), we show that the marginal welfare change caused by the change in public debt
level B corresponds to the following expression, where g(Ay) represents the effect of
debt change on young-age income distribution; qg represents the effect of debt change
on the investment ratio; p represents the effect of debt change on the consumption-
income ratio; and B is either 1 or -1. Direct effect channels (B) have the greatest

impact. Indirect effect channels (¢) have the smallest impact.
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Proposition VI.1 (Sufficient statistics for optimal public debt B) Through

the characterization of welfare changes in VI.1, the optimal public debt level theory

is described as follows Ddvila (2020):

(26)
—B[K(w(0) —1+ )]
>0 oR
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Where, *

represents the disturbance term of each channel. 8—1 denote the coeffi-
2

cient of the derivative of -1 with respect to -2, € denotes the coefficient of elasticity.

Proof. See Appendix B.B3
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In the Equation (26), if the public debt increases by 1 unit, the disturbance value,
B =1, and the distributive disturbance value of young income g(Ay) < 0. At this
time, the public debt channel in the numerator is less than 0, and the rest is greater
than 0; The denominator is greater than 0 for all but the public debt channel.

If the public debt decreases by 1 unit, the disturbance value, B = —1, and the
distributive disturbance value of young income g(Ay) > 0. In this case, all the
numerators are greater than 0, and all the denominators are greater than 0 except
for the young-age income channel.

In general, direct utility channels are oriented opposite to indirect utility channels.
The determination of the optimal level of national debt is a game between the direct
channel and the indirect channel, where the value of welfare decreases when the
direct channel is more favorable and increases when the indirect channel is more

favorable. Eventually the optimal level of national debt is obtained when the two

are equivalent.
VII. Conclusion

Motivated by the dramatic surge in public debt/GDP ratios in the COVID-19
health crisis period, our focus is mainly on the relationship between debt and in-
equality. In this paper, by targeting the quantities of wealth and earnings distri-
bution of the US economy in our calibration, we use macro modeling, a two-period
OLG model with idiosyncratic investment risk, proposed a novel technique to iden-
tify and characterize several recent secular trends: the increase in income inequality,
the optimal public debt and welfare, the decline in natural interest rates, and the
rise in debt by households and governments.

The issue of public debt affects the return on assets in the market, and then affects
the macroeconomic equilibrium and wealth distribution. Public debt also provide
funding liquidity in financial markets.

From the empirical point of view, we have calculated the optimum quantity of debt

for a model that is parameterized to mimic certain features of the US economy.
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From a normative point of view, on the one hand, we use welfare maximization
to argue what is optimal debt; We find that there is an inverted U-shape of welfare
that first rises and then falls, with the corresponding Gini coefficient showing a U-
shape. Moreover, when welfare is the largest, social inequality is the smallest. On
the other hand, through the comparative static analysis of the stable distribution,
the influence results of the disturbance problem under the optimal debt level are
analyzed. We use the first-order condition on welfare to obtain a sufficient statis-
tical form for the optimal debt. Channel decomposition is carried out for wealth
distribution, welfare changes and corresponding endogenous variables. In general, a
series of changes brought about by changes in public debt are ultimately caused by
the corresponding changes in the investment ratio and the consumption ratio.

There are three contributions to the article. (1) We use a two-period overlapping
generations model to investigate the relationship between government bonds and
wealth inequality. (2) We use machine learning to investigate the impacts of debts
on the economy through different channels. (3) We find the optimal debt level in

terms of the social welfare maximization.
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TECHNICAL APPENDIX OF THE BENCHMARK MODEL
Al.  Environment

Proof of Personal Utility Maximization—Old-age (Proposition II.1)

. 11—«
1. (ly41, m¢41) solves rlnaXGtHAkf‘HltH — Wiyl
t41

k (0%
Omiy1 _ B A(1 — ) (Hl) — Wi =0,
Ol 41 liy1

k «
Wt+1 = 9t+1A(1 - Ot) <lt+1> 5

t4+1

1Al —a)]=
p— a «
(A1) Lo = [”1] Koo,
W41
0 1A —a)]= 0,1 A(1
— G Ake, [ (22T _ark (t“ _a> Fiit,

i1 = Or1 Akl ([ Wyt t4+1 Wit 41

1 l-a ( L

J— a « CV
Tir1 = (Orp1A) @ ki < ) — (B A) o by~

Wil (wt+1) o

a—1
1w a
(A2) i1 (041, k1) = 01 4)@ (1 tj;) K.

2. (e2,t41, 2t+1) solves

1—~ 1—
c 1-— K
2,441 [( Tz,t—l—l)zt—i—l]
max +x , S.t. C2t+1 + Zgy1 = ht-l-l;
c2,t4132041 1 — Yy - Y

The first-order condition and the second utility maximization can be obtained,

1 1-vy
X (1 —r t+1) 7
(A3) Zt41 = hi (1 s ) 1>
L+ x7 (1= 7ap41) 7
1
(A4) C2t+1 = ht+1 1 -

L4+ x"(1 =T pq1) 0

3. (htg1) solves hyy1 = (1 = 7pp41) 41 (011, k1) + (1 — 0)keq1 + Reqibegr

a—1

1 [ Wit °‘
hiv1 = kerr [(1 = Tpig1) @ (Op114) (1> +1-=06| + Rerabia,

—
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substituting the expression for firm profits, Equation (A2), into the expression for
old-age income, we can obtain the income in old-age formed by a combination of the
risky and the risk-free interest rates, and the expression for the risky rate of interest

on capital, w(6).

(A5) hit1 = krprwit1(0p+1) + Rer1bega,
a1
1w a
(A6) wit1(Or+1) = (1 = Tp41) @ (1 4) (1 tj;) +1-46,

4. (u(c2,441, z+1)) The second question can be written in the following form,

1—y 1— 1—y
c 1—- Y 1 1=9\7 h
max 2L X[( Tt41) 241 _ (1 1 Xi (1= Tpes1) 7”) t41
ea,e4152e41 1 — 7y 11—~ ' 1—7
1 _
(A7) u(Co, 41, 2t41) = :F [wer1(Ber1)kerr + Regabeaa] ™7
1 1=\ 7

(A8) = (1+><7 (1= Togs1) 7 ) .

Proof of Personal Utility Maximization—Young-age (Proposition I1.2)
1=y

C1,t
1. (c1,¢) solves maxs + BEU(co,041, 241), 8.t c1p + kepr + beyr = s

C1,t -

Denote p; = ¢1,+/y+ to be the expenditure share on consumption in the young-age.
The remaining expenditure then go to investment. Denote ¢1 = kit1/ (ki1 +bt41)

to be the fraction of capital in the investment portfolio.

2. (pt, ¢ry1) solves

1—v 0 11— 1—y
max P T BT (1 — p)]" E w1 (Or+1)Pr1 + Reg1 (1 — )]
prigesr 1 —7y 11—~

3L(Pt, ¢t+1)

=0:
Od41

(A9) E {[wt+1(9t+1)¢t+1 + Riy1(1 = dpy1)] 7 (wig1(Op11) — Rt+1)} =0,
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OL(pt, dr+1)

=0:
dpt

2=

—~

Elwir1(0t11)bt41 + R (1 — ¢t+1)]1_7}_

{ Blwiy1(0i41)Pea1 + Regr (1 — ¢t+1)]1_7}_

(A10) Pt =

Q\’—‘
2=

(8T)

3. (u(y)) solves
1—ry
% {,0%_7 +B0(1 —p)' E {[wt+1(9t+1)¢t+1 + Ria (1 - ¢t+1)]1_7}}

(A11) uly) = 7 o7+ B0 - p)' B {0}

Therefore, the utility equation and the optimal indirect utility function of the

individual can be rewritten as above.

A2.  General equilibrium solutions

Proof of the Steady State (Proposition II.3)
1. (w) solves [1=1

1
01 A(1 — o 1 S
Sl =[ (M) kevr =1, [ [0 A(L — o)) kpn = wiy

Wi+

(A12) w=(1-a)AK" (67 )"

1 1
X' (1—7)"
1—vy

1+X%(1—Tz) v

2. (k¢) solves kip1 = ¢ry1(kiy1 + bir1) and o =

(

1 1
aA(1 — )0 ( KO‘ !

(A13) k1 = ¢rr1(1 — pr) +1-0+ Rt

*(pkt + (1 — th)T]t(l — Oé AKa 9“
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In the derivation of the above equation, we use the definition of the investment
ratio ¢, the individual’s budget constraint, the consumption ratio p, the after-tax
inheritance income ratio ; the expression for the income h; at old-age (Equation
A5), the bequest z; (Equation A3), the wage rate w (Equation A12), and the risky
interest rate wy4+1(0) (Equation A6).

3. (K3) solves [ kiy1 = Kyy1 with Equation (A13)

1\ @
QA1 — ) (EG;*) Kot
oKy

(Al4) Kiv1 = ¢r41(1 — pr) +1—6+ Ry (1 ; ¢t>
t

+(1 = Tt) (1 — @) AKP (B0 )™

4. (K) solves Kiy1 = Ky = K, ¢y = ¢pr1 = ¢

L i—6 —Re(1Z?
(A15) Kafl — ¢(1 — P) 90(1 5) RQ@ ( qb )

A <E0}>a {oa(l —7p) + (1 — 70)(1 — a)}'

The formula states that capital is jointly determined by the risk-free interest rate
R, the consumption ratio p, the investment ratio ¢ and the tax rate 7.

5. (Ht) solves Ht = fht = fwt(et)kt + Rtbt

) ¢(11_p)_(p(1_5)_R(p<1;¢>] +1_5+<1_¢>R

pa(l —7p) + (1 — 7)) (1 — a) 7

1_
o= x|

The derivation of the above equation applies the following definitions: the defini-
tion of the risky rate of interest wyy1(0:+1) (Equation A6), and capital K in steady
state (Equation A15).
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6. (Rt) solves RtBt = Bt+1 + TwtWt + Tat f 2t + Tpt fﬂ't+1(¢9t+1, kt+1)

Tt H,
(AL6) Ryl = 60)X1 = (1= b1) Xear + gy + 72

o
L + Tpra A <E9ti+1> K

Define z;41 = ki11 + beyr1 as individual’s wealth, we can get the relationship
between public debt and wealth, b;y1 = (1 — ¢¢41)xr41. The derivation of the above
equation applies the following definitions: the definition of the public debt market
clear; The government decides; The definition of total profit, heritage, z; (Equation
A3), individual’s wealth z; and the definition of the aggregate income.

7. (R) solves Ry = Ry

(A17) 1 -
T—a-p) [(1 — )T + T+ za(l _ Tp)]
1 +(11__5)¢¢¢ (1 isz(l — 7)1 — @) — (1 —a)7 _Tpa>
= : P pa(l =) + (1= 7)1~ @)

1+

wo(l —1) + (1 —71p)(1 — ) [(1 — )Ty + T — 1122 (1—a)(1- Tw):|

The derivation of the above formula uses the following definitions: the expression
of wealth x; The expression for the wage rate w; The expression of total income Hy;
The expression of capital K in steady state (Equation A15).

8. Algorithm see Table D1

TECHNICAL APPENDIX FOR FIXED POINT PROBABILITY DENSITY DISTRIBUTION
B1. Wealth distribution

Proof of the Law of Motion for Wealth

1. (l‘t+1) solves Ti41 = kt—i—l + bt+l and kt—i—l + bt-i-l +c = Yt
Tip1 = Kig1 + b1 =y — ¢ = ye(1 — py)
= [(1 = 72t)2e + (1 = Twr)wine] (1 — pr)
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1 1—y

(1 - th)ht% + (1 - th)wtﬁt (1 - Pt) =
14+x7 (1—72) 7

And, the dynamics of wealth can be summarized as follows:
(B1) zir1 = 2(1 = p)J(0) + (1 — p)ion.

The derivation of the above equation uses the following definitions or formulas:
the definition of wealth x;; The individual’s budget constraint expression; The ex-
pression of consumption ratio p; The expression for bequest z; (Equation A3); And
the after-tax inheritance income ratio ¢. The expression of return on capital J(6).

Proof of the Stationary Distribution as a Fixed Point (Definition III.1)

L. (Wx,(z)) solves Wiy 441)(z) = P {x41 < x}, the camulative distribution function

of Tri1, Wigis1)(2), is:

Wiz () = P{rep1 <2} = P{a(1 - p)J(0)p + (1 — p)wn <z},

Wi (@) = [20 [0 Wiy <m> p(0)q(n)dodn,
iffi;ﬁi‘sﬁ o
®) W= [ [ Wy (<”)“”7> p(O)q(n)d6
)0 (6)
2. (wx,(z)) solves amgz(x)’ for all x > 0, the probability density function of 41

is:

©3) o) = [ [ (OO o )

3. (w(x)) solves wx,(r) = wx,,,(z) for all z > 0, the stationary distribution of

{x}2, satisfies

(B4) wx(z) = /OO /Oo wx (v) p(0)q <x — V((ll_;;);w(e)) a 1p)wd0dy.
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Proof of the Pertubation on Wealth Distribution The stable distribution of

wealth obeys the probability density function w(z) and cumulative distribution func-

tion W (z). The effect of a debt change B of initial debt on the distribution of

individual wealth, w(z), is the solution to the equation.

1. (w(x)) solves &g(Bx) with Equation (C9), for all § € ©
wle) =[5 [ oWy (TS 020 i
T e e L
e R
0o (oo x—v(l—p)pJ(0 1 0w
— 25 o w (V) p(0)g < ((1 — p’;)f ( )> P TCLAT ) s
— 5 S w () p(0)g <w — V((f_—pp));pj(é?)) = ;)()2q3(;7“f’d0du
— % 2w () p(0)a <$ — V((ll__p’;)f‘](e)> = ;) Ok ﬁ%d&du,
) — 4 (v ow(x) . . Ow(x)
wla) =10 () G+ ) G
~ Ow(x) ow ¢ &
+ B 0w [(1_7-1”)8}((1@) _w(l—gj))aji]
(B5) 9
2 0w(x) ow K 1 { K 9K
" om [“ e g T % }]
|ow(x) 1 0K  Ow(x)
+p 9w w%a—p ap ] .

Where g(-) is the statistical density function of 1, p(6) is the statistical function of
0, w(-) is the density function of wealth . * is the perturbation of the corresponding
variable -. The stable distribution of wealth has five channels. The first term is the
direct channel of z which describes the effect of changes in debt on wealth itself;
The second term is the pertubation of the statistical density function of 7, which
describes the effect of the change of debt on the labor shock. Other channels include

constant items of change in public debt B , investment channels ngb and consumption
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channels p.

Among them, we directly express some variable coefficients by the definition of

w(z)
ow

the derivative of the distribution w(z) with respect to w. The specific expression

their derivatives, for example, refers to the coefficient obtained after taking

can be found in the section of the corresponding disturbance variables. (See the
Appendix C: Equation (C3) for the derivative coefficients for K; Equation (C8) for
the derivative coefficients for w).

B2.  Young-age income distribution

Proof of the Law of Motion for Young-age Income

L. (yi41) solves Y1 = (1 — 72 p41) 2041 + (1 — Toppp 1) b1 Wi 1
Yer1 = hep1o + (1 — Tw 1) Mer1Wert,

hiv1 = ye(1 — pi) {wir10e41 + Rey1(1 — deg1)}

And, the dynamics of young-age income can be summarized as follows:

(B6) Yt Y1 = Y1 — p) J (@) + (1 — T t41) e 10.

Proof of the Stationary Distribution as a Fixed Point

L. (Gy,t41)(y)) solves Gy 111y (y) = P{yt+1 < y}, the cumulative distribution func-
tion of Y111, G(y41)(y), is:
Gyt (W) = P{y1 <yt = P{y(1 — p)pJ(0) + nw < y},

Glaarn ) = % % Gy (2 ) POatnasn

Y- _y—pu(—p)pJ(0)
Let,ﬂ—m,son— o~ )
(L—=p)pJ(0)\ (1 —p)pJ(0)
(B7) Gy 1) / / Gi(p < e = ) — dfdu
8G(y,t+1)(y)

2. (9v,4.(y)) solves , for all y > 0, the probability density function of

dy
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Yet1 18t

©) o) = [ [ o () G @ dsn

3. (9(y)) solves gy, (y) = gv,., (y) for all y > 0, the stationary distribution of {y;},=

satisfies

w

(BY) gy (y) = /_Z /_O; gy (1) p(0)q <y —pd —p)soJ(H)> %d%u,

Proof of the Pertubation on Young-age IncomeThe stable distribution of per-

sonal income obeys the probability density function g(-) and cumulative distribution

function G(-). The effect of a debt change B of initial debt on the distribution of

~

individual income, g(y), is the solution to the equation.

L. (g(Ay)) solves 8(‘;](5) with Equation (C9), for all € ©

o) = [ 122, 5 () p(6)a (y —rl—pled (9)) it

w

y —p(l :p)wJ(H)

+ % g () p(0)d ( ) %d&du

— 20 2 g () p(B)g <y_“(1 —p)ng(G)) ( ! ngdedﬂ

w w)?

y —p(l— p)wJ(9)> 1 .ow
w (

I e (PO 2302
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9(y) = g () gggii)) +4(n) gg(%))
5 99(y) ow ¢ ¢
ow [“‘“”’af((l—@‘ <1—¢>d£;]

(B10) 5
2 9g(y) ow K 1 K OK
T ow [“‘Tw)aff(l—@gb _“’M{(lqb)eé _w}]

Iz

Where ¢(-) is the statistical density function of 1, p(f) is the statistical function of
0, g(+) is the density function of y. * is the perturbation of the corresponding variable
(+). The stable distribution of young-age income has five channels. The first term is
the direct channel of y which describes the effect of changes in debt on young-age
income itself; The second term is the pertubation of the statistical density function
of n, which describes the effect of the change of debt on the labor shock. Other
channels include constant items of change in public debt B, investment channels qg
and consumption channels p.

Among them, we directly express some variable coefficients by the definition of
99(y)

w

their derivatives, for example, refers to the coefficient obtained after taking

the derivative of the distribution g(y) with respect to w. The specific expression
can be found in the section of the corresponding disturbance variables (See the
Appendix C: Equation ( C3) for the derivative coefficients for K; Equation (C8) for

the derivative coefficients for w).

B3.  Welfare distribution

Given that equation fully characterize the equilibrium for a given exemption level,
it is now possible to understand how changes in the optimal level B affect social

welfare.
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Definition B.1 (Calculate a Single Integral of Welfare ) We get the opti-
mal welfare function (V(y)) is given by

=74+ BT(1 = p)' " E{J(0
1. (V(y)) solves V(y) = P AL 1/27 {/00)

Y
[y 79(y)dy,
Yi,i € N Generate N uniform numbers within [Ymin, Ymaz),

Choose y1, ...yn,

We get the area as follows S1 = (Ymaz — Ymin)(V (y1), S2, ..., SN,

_ . Ymaz — Ymin —
[y g(y)dy = ngnoo(N) v Tg(yi).

Because firm make zero profit in equilibrium, individuals maximizing indirect
utility V' (B), defined in equation, maximizes social welfare in this economy. Lemma
and proposition, which presents the central result of this paper, provides a test
for whether to optimally increase or decrease the public debt. The effect of a debt
reform B of the initial debt B on social welfare, V(y), is the solution to the functional
equation. The perturbation formula for welfare is as follows,

Proof of the Channel Decomposition on Welfare
1. (V(y)) solves 3‘8féy) with (p~7 = BT(1 — p) "E{J()'}) = 0 ? and J(6)
(Equation 22).

Vi) = BL(L—p)t™

E{(1=)T0)7J0)} [ v g(y)dy

L—x
1=y A B 1—y A
P 1,02 y 2O [y g(y)dy,
_ )=
86;/}?9)) B BF(ll —[;) ~ [y gy,
V(y) _p T +BTA—p) ELIO) )
d9(y) -~ Jy'Tdy.

3 According to the expression of p (See Equation (8))
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oV (y)

Vi) = gy B {1 = 00030} + G ).
(B11)
. ov | ow(B OR
ow(0) K OR
+wl)—-R+—-—(1—-9)
~ OV _ oK (1- 0
+ (b(?EJ(?H))E (1=7)J0) o 7 <K L g;)
07w gT[i o ¢

+ Py E {(1 IO | gy | (- ¢>}
+9(y) %‘;((5)) -

Proof of Proposition VI.1 (Sufficient statistics for optimal public in B)

1. (B*) solves V(y) = 0 with Equation (B11)

5 0V(y) _ [Ow(0) ¢
~ BP0 -0 [ e e8|}

dw() K OR

—~ tw(@) R+ -(1-9)
waaf‘?/}ye) eda-yao | % (81R qbl) K 0K 00

+p

oV (y) __[0R 0K OR - AV (y)
aEJ(a)E{(l_V)J(H) ! [%_g}i%%ﬂ] (1_¢)}+g '

The optimal public debt level means that (if public debt increase 1 unit, B = 1;
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1), Let’s go through the formula, we have:

if public debt decrease 1 unit, B=—

(B12) ]
—B[K(w(9) —1+6)]

0
_ oR
AN —€4,8I* [&u(@) ! +; (w(G) - R+ g}” )]

oK (1 - QS) OTw
B* _ \ _ L fo J
( OR OR
5 1 Orw OR 5, OK
BE 5 +0.89 | 55 ~ ok 54
OTw iTw oV (y)
£ 0y <0 e 9g(y) gly) K
OR 5, OK 0B (1—7) 88;/}%’9)) ¢
teonp | 50 = ok g,
Or o O %
B4. Theory for solve stable distributions

We introduce another method for solving stable distributions, using the loss func-

tion and optimizer of machine learning, to automatically find stable distributions.

we have:
w(e) = [ P )0y (EHE DO g,

o) = % o iy (P =
Let, T,(0.0) 0 = p(0)a (== HENO)
36,0 = 0 (LU Z0ETO ) L
o
[ T, (), . ()
T T
[w(x)l, ,w(x)n] - . = [0, ,O] )
2 T (0, v)n [w(a:)l, ,w(@)n| |
(B13) o
S Ty 0001 [g(w)r. e 9(0)a
T - T
99| =l
JZ Ty(0, 1)n [g(y)h 29()n]
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Definition B.2 (Stable distribution of machine learning solutions) Using the
n equations of Equation (B13), we need to find a suitable result that satisfies the n

equations simultaneously, (w(:v),g(y)) are gz’ven by

N e »(0,v)d0dv,
(g(y)) solves Fy = g(y f f y(0, 1n)dodp.

2. Calculation procedure, taking wealth as an example,

1. (w(x)) solves Fy = w(

(1) Create Learning Parameters: Fy iarget = 0, Fy pred = Fi,
(2) Neural network model (choose Loss function and optimizer),
ceriterion = torch.nn.CrossEntropyLoss(),

optimizer = torch.optim.Adam(model.parameters(),lr = le — 4).

By comparing the target data (Fjqrger) with the forecast data (Fjeq), the loss
function can be constructed. In this paper, the common mean square error (M SE)
is used to find the optimal combination of w(z) to minimize the loss. Iterate w(z)
repeatedly to make the loss smaller and smaller. Similar to a blind person going
down a mountain, standing on the mountain looking for the way down the moun-
tain, given a random w(x) initial point, looking for the fastest direction to travel.
The gradient descent process, which is available in pytorch with the backward()
command.

After understanding the learning parameters of the model, we need to build our
own neural network. The neural network consists of forward propagation and back-
ward propagation. Among them, the process of forward propagation refers to the
transmission from the input layer to the hidden layer (if there are multiple hidden
layers, propagation one by one), and from the hidden layer to the output layer. The
backward propagation process means that we use the [F,,..q value and target value
Fiarget calculated by forward propagation to obtain the loss function, and use the
result of loss function to feed back from the output layer to the hidden layer and

then to the input layer.

Definition B.3 (How to create neural network model) we built a three-layer
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neural network structure, Input layer — Hidden layer — Output layer. We
~N ———— T —

n to nl Relu nl ton Sigmoid

can have more than one hidden layer.

1. Input layer: input the number of n neurons, the number of n neurons are
transmitted to the hidden layer, and the number of nl neurons are output.

2. Hidden layer: the Relu activation function is passed, the number of n1 neurons
enter the output layer.

3. Output layer: the number of n neurons are output and activated by the Sigmoid

function.

Although the whole neuron is complex, it has the same local characteristics and
is still a linear relationship, z = ) w;x; + b, and an activation function o(z). In
machine learning, there are many commands about activation functions. In our
paper, we mainly use Relu* and Sigmoid ° activation functions. Both types of

activation functions belong to the category of nonlinear activation.

Proposition B.1 (The processes of forward propagation) In our paper, only
the use of one hidden layer is involved. The upper corner is the network layer, and
the lower corner is the index of the neuron. For example, wgg, 2 represents the
second layer neuron, and 28 represents the second neuron in the third layer to the
third neuron in the second layer.

Input layer: n neurons, from g1 to gn,

Hidden layerl: sz neurons, from ay to as,,

Output layer: 1 neurons, G.
1. From input layer to hiddenl layer:

a? = 0(2?) = o(whz +whry + ... + wi, T, + by),

ceey

2 2

— _ 2 2 2
A5z = U(zsz) - U(wsz,l‘rl + Wy, 22 +ot Wz ndn + bSZ)

2. From hiddenl layer to hidden2 layer:

4ReLU: This activation function is to take all negative values to zero and leave positive values unchanged.
f(x) = ma(0, )

5Sigmoid: This activation function takes a real number as input and a numeric value between 0 and 1
as output. o(z) =1/(1+e %)
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G} =0(2}) = o(w} a1 + wi yas + ... + wi a,. +af).

The results of the upper and lower subscripts of bias, active function and output

are consistent. The general form as follow, a]L = U(sz) =0 (Z?:l wfkaﬁ_l + bjL) )

Form of vector, we have: a% has m neurons with dimension (m*1); a¥*~' has n
neurons with dimension (n*1); w¥ with dimension (m*n); o(z%) with dimension

(m*1); And bY with dimension (m*1), a% = o(z") = o (whal~1 + bl).

Definition B.j (Calculate the Dual Integral of Stable Distribution) We get

the stable distribution of wealth (w(x)) is given by
o) o) :L‘—l/(l _p)(pJ(G)) 1 :
w(z) = " |- w(v)q — —dvp(0)dl, the integral re-
e R e Frer 20
sult is obtained by calculating the volume of the curved top column in B1(1).

zi, Vg, i € N,k € N Go to the uniformly distributed N points in [Tmin, Tmaz),
0;,j € N Generate N uniformly distributed numbers, where log(6) ~ N (ug,03).
Fizing an Income and Shock y;,0;, get the red area (h(0;)) in Figure B1(2)(3),

w(x)

.....................

>
theta®™

() (2 @)

nu>

FIGURE B1. MONTE CARLO DUAL INTEGRAL

take multiple random numbers in the range of 0, get multiple section data, then get
average and get approzimation of (h(6))
1.(h(0;)) solves

Tmaxr — Tmin =
= fan|

2.(h(0)) solves h(6) = %zgzév h(0;),

3.(w(z;)) solves

zi —vp(1 — p)wJ(9)> 1
(1-pw (1-pw’
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w(z;) = [75, h(0)p(0)do = Hmax _Oomin >I=5 h(0;)p(6:) = h(B),
4.(w(z)) solves [w(xy),...,w (acN)]T.
5. Algorithm see Table D2

TECHNICAL APPENDIX FOR COMPARATIVE STATIC ANALYSIS

We will give a technical appendix for solving nonlinear equations using compara-
tive static analysis methods. In our paper, we mainly solve Equations (7) and (8).
We end up with our perturbation term of the endogenous variable.

Proof of channel decomposition of variable(comparative static analysis)

1. (R) Simplify the Equation (A16) with A\, A\;,i =1,2

5= po(l — 1) + (1 — 7)) (1 — )
wa+ (1 —7,)(1 —a) <1—<p1_7_>+g0(1—a)7-w
B 1 TZ@a(l_Tp)
Al_npoz(l—Tp)—f—(l )(1— ) <1 @) 1—17, * T
(I1-9)p 1 7.(1 — a)
— —(1 — )T _
A2 wa(l —7p) + (1 — 7)) (1 — ) aTl—TZ+ 1—7, fis

_ 1 ¢
(C1) R_)\[1+>\1(1¢)(1p)+)\21¢]
. OR . .

2. (R) solves 3B with Equation (A16) and (C1)

OR A1 A2

I

3% ===t T

OR A

o (1-9)(1-p)?
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1-a) (- ajr + 2200

+ Tpa>

[pa(l = 7) + (1= 7)(1 — a)]?

(1—-¢)(1—p) 1—a

T oall — )+ (= )l —a)
1_5)“0(1_“)(_(1_(:3% 1—1,

1 _ )
+ = ) — Tpa>

o1- o) |- g

[pa(l —7) + (1 — 7)(1 — @)]?
(1-=0)p(1—a) 1

74,004(1 )l —71)(l—a)l -7,

+ o —
— T, b 1—7,

]

[pa(1 = 7) + (1 = 7)(1 — )2

p(1—a)

1

+

po(l—m)+(1—-T1p)(l—a)l -1,

53

"OR OR _ OR
-+

(C2) R:¢8¢ Paip‘i‘Tw%

A~

K
3. (K) solves gB with K ( Equation A15)

pP__ 1 (1-d)piR
9K _ 2 Pl-p) o 99 |
% (a= Ko (B67 ) feall = n)+ (1= )1 a))
< 1 (1-o) aR>
oK -2 & o
9 (a—1)Ko-24 (EH;‘) {pa(l = 1,) + (1 — 7)1 — &)}
1 (1—¢)R
B o(1—p) 1 -9) ¢
o | A(BOF) Kotpali-n) (- m)1 -
ot (1-¢)p OR
_ ¢ 0T
(a —1)K*24 <E9t> {pa(l— 1) + (1 - 70)(1 — )}
. 0K 0K 0K
(C3> K:¢a—¢+p87p+7w%
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4. (1) solves B = (; -1)K

- 1 ~ K 1 ~0K 0K . 0K ~ K
B (G- DK—bg = (G- o + i, +hg | -6
g0 L[ K 9K\ 10K
(4 T_B<1¢>gfg+¢8f<{<l—¢>¢ %) PoE 5,

0Ty

Rewrite the perturbed expressions for R and K, we have:

. - ¢ 9B  [oR oR 1 K 0K
o =By an, 77 &b+%§ffu{(1—¢)¢ a¢}]
.| OR 1 0K OR
o0 g b om |
. b . K
C6 K=8B
(9 -9 -0

5. (w(&)) solves 8;29) with K (Equation C6)

1 1\oa—1
w(0) = aA(l — 7,)0% (Eea) Ko 1414,

6;’;(9) = aA(l —7,)03 (Eaé)a_l (0 —1) K2,
Cawl0) . ow(®) ¢ -0w() K
(©7) w0 = K =Bk =9 T* oK G-

9 )
6. (w) solves 8% with K (Equation C6)

ST‘? —(1-a)A (Eegl)a Ak,
. p0wW P ~ow K
(C8) P=BoR -9 TR 1)
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A 0
7. (w) solves 8% with @ (Equation C8) and 7, (Equation C4)

w= (1 = 7)) — Tyw,

L dw ¢ & | 10k
9 w w
(©9) AR ow K 1 K _8K
ol ‘Tw>af<’<1—¢>w’g;;{<1—¢>¢ )|

. 0.(6) )
8. ({(9)) solves 35 and J(0) = w(f)p + R(1 — ¢)

J(0) = w(0)p + dw(9) + R(1 — ¢) — dR = w(0)$ + dp(w(f) — R) + R(1 — ¢),

(C10)
J0)=5 8;”}(‘?)(1?¢)¢ %350
44 6;’}5)(11_(@+w<0>—R+gfj<1—¢>+§fug}i{fj—%{j(l—@}]
+p ?Z—g}i?:;i (1-¢).

9. Algorithm see Table D3

TECHNICAL APPENDIX FOR ALGORITHM

Table D1—: Numerical method to general equilibrium

Algorithm 1 Numerical method to general equilibrium

Input: parameters

57 67 a7777p77_Z7A7X790

Continued on next page
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Table D1- continued from previous page

Parameters about subject discount factor, capital depreciation rate,
capital share, risk aversion coefficient, profit tax, bequest tax, TFP,
bequest motive coefficient and the after-tax inheritance income ratio
(119,02), (i, 03]) (Random distribution of productivity and labor shocks)
funw, fun K, fun_R, fun_p, fun_¢ (Equation in (A6, 11, 12, 8, 7))
Tw, Twl, Twr (Wage rate, minimum tax rate, maximum tax rate)
dist_B, dist_fun(Errors in the supply and demand of debt and equations)
step,, stepy (Influence the step of p and ¢ parameter updating)
Output: stable variables [K, R, p, ¢, Ty
while dist_B > 1.0e —5
Tw = 0.5 % (Tyi + Twr), Step,, stepy (Initialization values)
while (dist_fun > 1.0e — 5) (Solving equation yields variables)
R = fun_R(¢_try, p_try) (step 1 solve R and K)
K = fun_K(¢_try, p_try)
p-new = fsolve(fun_p,0) (step 2 solve p )
¢_new = fsolve(fun_¢,0) (step 3 solve ¢ )
dist_¢,dist_p,dist_fun = max([dist_p, dist_¢])(compute the errors)
¢-try, p-try (update by step,, stepy)
dist_B (compute the errors of debt)

if dist.B>0 then 7, =7, else 1, =7,

Table D2—: Machine learning to solve stable distributions

Algorithm 2 Machine learning to solve stable distributions (Wealth)

Input: For parameter settings see Algorithm 1 (Table D1)
F _target (The aim function)

Continued on next page
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Table D2— continued from previous page

vecy (The vector of wealth)
epoch (The number of learning when loss has never been achieved)
dist_acc(Errors in the supply and demand of debt and equations)
Building a neural network: See Definition B.3
nl(Number of neurons in the hidden layer)
Ir(Learning rate: influence the step of parameter updating)
decision_rule(Building neutral networks according to nl)
optimizer = optim.Adam/(decision_rule.parameters(),(r)(Select Optimizer)
criterion = torch.nn.MSELoss(reduction =" mean’)(loss function)
Output: stable distribution about wealth [w(z)]
when dist_acc > 0
w(z) = decision_rule(vecy)
(Results of learning used in calculate vec, by 'decision_rule’)
Fpred + [%_[% w(v)q (x—V((iizggJ(G)> (klp)ﬁdyp(e)d@
(Compute the 'F_pred' by DefinitionB.4)
loss=criterion «+ 1/N Zf\il |F_pred — F_target|*

optimizer.zero_grad() (Clear the gradients calculated before)

loss.backward() < w(x)i11 = w(x); — lrag—é) (update gradients)

optimizer.step() (update parameters in neutral network by optimizer)

The header of each sub-table has the number of iterations Epoch and loss that
mark machine learning. The stable distribution results of machine learning and

corresponding loss diagrams will be shown as follows (See form Table D1 to D4).

Table D3—: Machine learning to channel decomposition

Continued on next page
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Table D3— continued from previous page

Algorithm 3 Machine learning to channel decomposition

Input: For parameter settings see Algorithm 1 and 2 (Table D1, D2)
vecy, vec_share,
(Vector of wealth before and after perturbation using interpolation)
wz, wr_share(PDF before and after perturbation using interpolation)
Outputl: Channel decomposition of variable, Table[6, 7]
variable = torch.tensor(variable,requires_grad=True)
(Determine the variables to be derived)
funyariapie-backward() (Calculate the derivative of R, K, 7, w, W, w, J)
gradyariaple = variable.grad(Calculate the gradient of a variable)
hatyariapie < (variableiy; — variabley)/0.01
(Calculate the derivative of R, b, p, K, 0, W, 0, j)
variable.grad.zero_()(Zero gradient is required before the next derivation)
channelyarigbie = hatvariabie * 9raduvariabie
Output2: Channel decomposition of stable distribution w(x)
hat WX yqrigpie(Calculate the perturbation results using the interpolated PDF)
def Input_x Output wz(want_x_vec)
(Arbitrary input 'want_vec,’, output the corresponding ’output,,,’ value)
for input_x in want_vec,
for j in range ((N-1))
np.polyld | np.polyfit vee-shares|j : j +2]
output+ = ,wr_share[j : j + 2]
(inputy)(vec_sharey[j + 1] > input, >= vec_shareg[j])
output,,,; = output (Save in each pdf of input_x)
return output
def Input_x_Output_derive(input_r_vec, input_x,input_wx)
(Derivative gradient of the input matrix)

variable = torch.tensor(variable,requires_grad=True)

Continued on next page
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Table D3— continued from previous page
0o oo z—v(1l—p)pJ(0
f e Jo w ) (BEERE) L mdvp(9)de
f.backward () (Derive the equation f)

grad_wrygrigpie = variable.grad(Derivative results of the variables)
return grad_ww,., gradwrpg, grad-wzx,, grad_ wry
outputy, = Input_r_Output_wzx(vec_share,)
result = Input_r_Output_derive(vec_sharey, input,, output,,, )
(taking each value of the matrix ‘vec_share!, as an "input’,)

Channel—wxvariable = grad—wxvam’able * hat—wxvariable




60

POF

PDF

POF

12

10

08

06

04

0z

14

12

10

08

06

04

0z

00

10

08

06

04

02

00

40,Epoch:18550.0,L055:0.0156

AMERICAN ECONOMIC JOURNAL

Debt:1.209,Epoch:10678.0,Loss:0.0045

Debt:1.278,Epoch:4405.0,Loss:0.0024

Debt:1.347,Epoch:2832.0,Loss:0.0014

— Income PDF — lIncome PDF | o0 — Income PDF 16 —— Income POF
30
14
175
25 12
150
20 125 10
& & w08
Ss & 100 s
075 06
10
050 04
0s
0.25 02
00 000 0o
000 025 050 075 100 125 150 000 025 050 075 100 125 150 175 0o 05 10 15 0o 05 10 15 20
n 21 B1 [4]
Debt:1.416.Epoch:66.0.L055:0.0008 Debt:1.485.Epoch:424.0,L055:0.0004 Debt:1.555.Epoch:895.0,L0s5:0.0002 Debt:1.624,Epoch:1974.0,L055:0.0001
— Income POF 12 —— Income PDF — Income PDF —— Income POF
10
10
10
08
08
08
06
w o 08 w
5os 5 &
04
04 04
02 02 0z
00 00 oo
0o 0s 10 15 20 00 s 10 15 20 0o [ 10 15 20 0o 05 10 15 20
51 €] ] 8
Debt:1.693,Epoch:3348.0,L055:0.0000 Debt:1.762,Epoch:4490.0,L0s5:0.0000 Debt:1.831,Epoch:3662.0,L055:0.0000 Debt:1.900,Epoch:4575.0,Less:0.0000
— Income POF — Income PDF — Income PDF — Income POF
08
08
08
06
06
06
& H £ 04
04 04 ¥
02 02 0z
0o 00 0o
oo o5 10 15 20 00 [ 10 15 20 oo os 10 15 20 LYY 5 20 25
81 (101 i nz)

FIGURE D1. STABLE DISTRIBUTION OF YOUNG-AGE INCOME



VOL.

0.050
0.045
0.040

0035

Loss.

0.030
0025
0020

0015

0.000764

0000762
&
0000760

0.000758

0.000756

0.00016
000014
000012

000010

Loss

000008

0.00006

0.00004

000002

NO.

PUBLIC DEBT AND WEALTH INEQUALITY

61

Debt:1.140,Epoch:18550.0,L0ss:0.0156 Debt:1.209,Epoch:10678.0,L055:0.0045 Debt:1.278,Epoch:4405.0,L0s5:0.0024 Debt:1.347,Epoch:2832.0,L0ss:0.0014
— loss | 0018 — loss — toss | go03s — loss
0014
0014
0012
00030
0012
0010
00025
£ o010 E o008 E
0.008 0005 00020
0006 0004
00015
0008 0002
0 5000 10000 15000 0 2000 4000 6000 8000 10000 0 1000 2000 3000 4000 0 500 1000 1500 3000 2500
n 21 31 41
Debt:1.416.Epoch:66.0,L055:0.0008 Debt:1.485.Epoch:424.0,L055:0.0004 Debt:1.555.Epoch:895.0,L055:0.0002 Debt:1.624.Epoch:1974.0,L055:0.0001
— loss [200065 — loss — oss dnoozso — loss
0.000a0
— 000225
0.00035 fooz0
l0.000s5
000175
g 3 [0ooo30 g
I0.00050 000150
b 00025 000125
0.00045
000100
0.00020
0.00040 000075
0 1 2 D O N w0 0 100 200 00 200 0 00 400 @0 800 0 500 000 1500 2000
51 €1 71 81
Debt:1.693,Epech:3348.0,L055:0.0000 Debt:1.762,Epach:4490.0,L055:0.0000 Debt:1.831,Epoch:3662.0,L055:0.0000 Debt:1.900,Epoch:4575.0,L0s5:0.0000
— loss — loss — loss — loss
0.00009
0.00010
0.00008 0.00008
0.00008 0.00007
0.00006
0.00006
5 [p0000s 2 ]
38 s 5
0.00004 000005
0.00004
0.00004
lo.00002 0.00002 0.00003
t L 0.00002
0.00000
0.0001
0 500 1000 1500 2000 2500 3000 3500 0 1000 2000 3000 4000 o 1000 2000 3000 6 1000 2000 3000 4000
9 0] 1] (2]

FIGURE D2. LOSS OF INCOME



62

16
14
12

10

12

10

Debt:1.140,Epoch:5386.0,L0s5:0.0308

AMERICAN ECONOMIC JOURNAL

Debt:1.209,Epoch:18652.0,Loss:0.0087

Debt:1.278,Epoch:6770.0.L0ss:0.0045

Debt:1.347.Epoch:5569.0,L0s5:0.0026

000 025 050 075 100 125 150
51

000 025 050 075 100 125 150 175
(101

FIGURE D3. STABLE DISTRIBUTION OF WEALTH

—— Wealth FDF —— Wealth PDF —— Wealth FDF — Wealth FDF
20
a 25
20 15
3
15
B 10
10
1 LE]
05
0 00 oo
00 o0z 04 06 o8 10 12 00 o0z 04 06 08 10 12 o0 02 04 06 08 10 12 1 00 02 04 06 08 10 12 14
a1 21 ] 4]
Debt:1.416 Epoch:307.0,L0s5:0.0014 Debt:1.485,Epoch:642.0,Loss:0.0007 Debt:1.555,Epoch:792.0,Loss:0.0003 Debt:1.624 Epoch:950.0,L0s5:0.0001
—— Wealth PDF —— Wealth PDF —— Wealth PDF 14 —— Wealth PDF
150 14
12
12
125
10
10
100
08
o8
075 06
06
050
04 o4
025 02 02
0.00 oo oo
000 025 050 075 100 125 150 000 025 050 075 100 125 150 000 025 050 075 100 125 150 000 025 050 075 100 125 150
51 61 m 8]
Debi:1.693,Epoch:615.0,L0ss:0.0000 Debt:1.762,Epoch:834.0,L0ss:0.0000 Debt:1.831,Epoch:1856.0,L055:0.0000 Debt:1.900,Epoch:1843.0,L0s5:0.0000
—— Wealth PDF —— Wealth PDF 12 — wealth PDF —— Wealth PDF
12
10
10
10
08
o8
08
06
08 08
04 04 os
0z 02 02
00 oo oo
000 035 050 075 100 135 150 175 oo 0’s 10 15




VOL. NO.

Loss

008

Loss

00014175

0.0014150

00014125

0.0014100

00014075

0.0014050

0.0014025

0.0014000

00013975

000016

000014

000012

000010

Loss

000008

0.00006

000004

000002

Debt:1.140,Epoch:5386.0,L0s5:0.0308

PUBLIC DEBT AND WEALTH INEQUALITY

Debt:1.209,Epoch:18652.0,L0ss:0.0087

Debt:1.278,Epoch:6770.0,L0s5:0.0045

63

Debt:1.347,Epoch:5569.0,Loss:0.0026

— loss | 00275 — loss — loss — loss
0.0250 0025
0008
00225
0.020
0.0200
0005
S o017 5} i}
0.015
00150 0004
00125 o010
0.003
00100
0.005
O 1000 2000 3000 4000 5000 o 5000 10000 15000 0 1000 2000 3000 4000 5000 G000 7000 0 1000 2000 3000 4000 5000
5] 2] B1 41
Debt:1.416,Epoch:307.0,L0s5:0.0014 Debt:1.485,Epoch:642.0,L055:0.0007 Debt:1.555,Epoch:792.0,L055:0.0003 Debt:1.624,Epoch:950.0,L055:0.0001
— loss [M00083 — loss — 1055 dooozso — loss
[0.00040
lo.00060 000225
[— 000200
l0.000S5
000175
g 5 pooo3o 5
l0.00050 000150
l.0oozs ooo125
10.00045
000100
I0.00040 poooz0 L
000075
0 50 100 150 200 250 300 0 100 200 300 400 0 00 400 600 800 0 500 000 1500 2000
51 61 71 81
Debt:1.693,Epoch:615.0,L0ss:0.0000 Debt:1.762,Epoch:834.0,L0s5:0.0000 Debt:1.831,Epoch:1856.0,L055:0.0000 Debt:1.900,Epoch:1843.0,L0s5:0.0000
— loss — loss — loss — loss
0.00009
0.00010
lo.0000s 0 00008
[0.00008 .00007
ln.0000s
0.00006
1 00005 o ]
= 5 5
lo.0oooa 0.00005
i0.00004
0.00004
lo-00002 jp-00002 lo.00003
L L 0.00002 { -
i0.00000 .
0 500 1000 1500 2000 2500 3000 3500 o 000 2000 3000 4000 o 1000 2000 3000 o 1000 2000 3000 4000
[&)] oy i 2]

FIGURE D4. LOSS OF WEALTH



