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Abstract
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tax and characterize the stationary wealth distribution. We first show the equity-
efficiency trade-off in a simple one-period lifetime dynamic model under non-linear
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1 Introduction

Studying the impact of estate taxation on macroeconomic outcomes is one of the most
celebrated policy exercises within the neoclassical growth model: it is important for un-
derstanding the implications of fiscal policy, the macroeconomic effects of wars, and the
cross-section of countries.

We investigate the optimal inheritance tax rates in the heterogeneous agents model
with fat-tailed wealth distributions. We find a formula of the optimal inheritance tax and
characterize the stationary wealth distribution. We first show the equity-efficiency trade-
off in a simple one-period lifetime dynamic model under non-linear estate taxes. Using a
variational approach, we explicitly derive the impact of inheritance taxes on the station-
ary wealth distribution and the social welfare function. Then we obtain a formula of the

optimal inheritance tax, which is expressed by sufficient statistics.

1.1 Literature review

2 The Basic Model

Time is discrete. There is a continuum of infinitely lived households, indexed by 7 and
distributed uniformly over [0, 1]. Each household is endowed with one unit of labor, which
it supplies inelastically in a competitive labor market. Each household also owns and runs
a firm, which employs labor in the competitive labor market. All uncertainty is purely

idiosyncratic, and hence all aggregates are deterministic.

2.1 General case on non-linear estate tax

Household In our model, Thus, the household’s problem is a deterministic optimiza-
tion problem. Both the utility functions of the consumption and the capital have the form

of constant relative risk aversion (CRRA).



The household’s problem is

max [Eg
{et.ke 352

> ﬁtu<ct>] (1)

S.t.
et + ki1 =y — T(keya)

where (3 represents the time discount factor, ¢; denotes the household’s consumption,

yr = wy exp(z:) + me(ke, 2e, 0¢) + (1 — 0) ke, wy exp(z;) denotes labor income, w; rep-
resents the wage rate, and 7;(k;) is the profit from the firm that the household operates.
k; denotes household-owned capital, ¢ denotes the mean depreciation rate of capital &,
and T'(k;11) is the wealth tax scheme imposed by the government. We consider a fully
non-linear capital tax system without assuming a functional form, we focus on a restric-
tive class of tax system. More precisely, we consider (1) a non-linear capital tax with a
lump-sum transfer; (2) the tax is levied on the current period’s income only (no history
dependency); and (3) the tax function is time invariant. We have z;,; which represents
individual productivity, following an AR(1) process, z;,1 = pz; + &, and &, ~ N(u, o?).

Firm profits are subject to undiversifiable idiosyncratic risk:
(01, by, 20) = max 0, exp(z,) AkSny ~* — wyny,
nt

where A denotes the aggregate technology level, n, represents the amount of labor that
firms hire in the competitive labor market, and 6; is an idiosyncratic productivity shock.
We assume that the idiosyncratic productivity shock follows a lognormal distribution,
log 0; ~ N(pe,03).

Households make current consumption decisions ¢; and savings decisions k; 1 consid-
ering income y; and the labor factor z;, aiming to maximize the utility function u(c;) and
the expected value function E(V (11, z:4+1)) for the next period.

While solving for E(V (y;41, 2:41)), households cannot precisely determine the future
productivity shock 6;,; and labor efficiency z;,; values. For each z;,1, there are eleven

possible values for 6, and there are seven possibilities for z;,;. This implies there are 77



potential outcomes for y;, in the next period.

Considering the known transition probabilities multiplied by the 100 possible y; ., val-
ues corresponding to z;,1 and accounting for the uniform distribution of 6,, interpolation
is used to compute the corresponding V' values for these 77 ¥,41 outcomes. Subsequently,
the mean of these 77 V' values is calculated to obtain E(V (y¢11, 2141))-

We can use the recursive relationship to express z;,1 in terms of z; and the error term

£¢, specifically,

241 = P2+ &t

= Et = 241 — PZ¢-
Since g; ~ N(u, 0?), we know that z;,; — pz; ~ N(u, 0?). Therefore,
Zi | Zy =2z ~N (Pzt +M7U2) .

Hence, the distribution of z;,; conditional on Z; = z; is normal with parameters pz; +

1 (¢ — pz — p)*
th+1|Zt:Zt (q> = Wexp <_T .

and o2,

2.2 Euler equation

We have Euler equation.

BE ((reg1 + 1 — 0)kigr + wepr exp(zeg1) — T(kega) — Figo) (i1 +1 = 0)

()
:u’((rt + 1 —8)k; +wyexp(2y) — T'(kir1) — kea) (1+ T/(ktﬂ)) .

2.3 Stationary distribution

Maximize company profits

m(ky, 0y, 2,) = max 0, exp(z,) Ak®n} = — wyn,.
nt



The optimal labor demand is

Hence, the firm profit is

11—«

w(kt,et,zt):a(Aetexp(zt))é( o > " ks

We have the income motion equation,

a—1
1w ¢
Yer1 = [ (Al exp(zi41))= (1 tj;) +1- 5] (v — T(ke+1) — ¢) + Wi exp(2e41)
= (reg1 +1=0) (ye — T(kes1) — cb) + wip1 exp(241).
a—1
We use 41 to denote the return on capital gains, which is calculated as a.( A6, 1 exp(ze1)) = (Fe1) =,

The cumulative distribution function of Fy,, |7, =q Z==.vi=y (D) i3

FYt+1|Zt+1:‘I7Zt:Zt7Yt:yt (p)

]
P—wi41 exp(q)

a—1

(Al eX]D(Q))é (%> N

1l -«

+1-— 6] (ye — T(ky1) — ¢) + wig1 exp(q) < p}

o

" a(Aexp(q))® (B2)

l—«

(e}
P—wi41 exp(q)

+6—-1
— k’t —C
=P.{ 0, < yt =T (kt+1) 1t - _ ’
a(Aexp(q))= (F41) °

11—«

where log(0;11) ~ N(pug, 03).

P—wi4 ] exp(q)

o
_ @ 51
Let H(p) denotes Y T(k“ﬂ) t————| , we have
a(Aexp(q))e (FEL) @

11—«

In(H(p))—p)2\ 0H
IYiilZe=aYimy Zi=z (D) = mexp <—( ( é’;)Q) ) > a;p),



e =, and —..(q) =
o Oé(AeXP(Q))é(%)TI Aexp(q))é(m)Tl f21120=2 (@)

11—«

p—wy 41 exp(q) L1 a-l
QH(]?) — « yt—T(kgy1)—ce 1/(ye =T (kt41)—ct)
o

\/2;72 exp <_ = /)2;2 = >
Then, we obtain

f(p.q) = /O /0 Iern,Zei |Viey, 2e== (05 @) f (y, 2)dydz. 3)

Assuming y has I grid points and z has J grid points, then (y, z) will have I x J

combinations. We represent it as a (I x .J, 1) matrix as follows.

T

(y17 Zl)(th?) e (ylv ZJ)(y27zl)<y27 Z2) e (y27ZJ> e (y[,Z1)(y[,22) e (yI’ZJ> (IxJ1)

Since fYt+1,Zt+1|Yt=k,Zt=Z(p7 Q) = f}/tJrl‘Zt+1:(I7Yt:k7Zt:Z(p)th+l|Zt:Z(q)’ then by fixing a

combination of (p, ¢), we can obtain

fYt+1|Zt+1:q,Yt:y1,Zt:Z1 (p) fYt+1|Zt+1:q,Yt:y17Zt:~2’2 (p) e fYt+1|Zt+1:‘17Yt:ylet:ZJ (p)
fYt+1|Zt+1:q,Yt:y2,ZzZZ1(p) fYt+1|Zt+1:q,Yt:y27Zt:Z2(p) fYtJr1|Zt+1:q,Yt:y27ZtZZJ(p)
_fYt+1\Zt+1:q7Yt:y17Zt:n(p) fYt+1\Zt+1:q,Yt:yLZt:@(p) sz+1\Zt+1:q7Yt:y17Zt:ZJ(p) (1,7)
th+1|Zt:31<q) th+1|Zt=22<q) th+1|Zt=ZJ<q>

o th+1|Zt:ZI(q) th+1|Zt=22<Q) th+1|Zt:ZJ(q)
_th+1|Zt:ZI<q) th+1|Zt=Z2<Q) th+1|Zt:ZJ(q> (1,7)
[Galp. g1, 21) Galp. @iy, z2) -+ Galp, g y1, 27)

| Galp. @y, 21) Ga(p, @ y2.22) -+ Ga(p, 4392, 27)
[Ga(p,a;yr,21) Galp,giyr ) -+ Galp,aiynz)]



We need to reshape matrix G from (I, J) to G, 4)(1, 1 x J) as follows.

Gap, ¢;y1,21)Ga(p, ¢ y1, 22) - - Ga(p, s y1, 25) - - Ga(p, s y1, 21)Ga(p, @5 Y1, 22) - - - Ga(p, @5 Y1, 27)

(1,IxJ)
And the dimension of G(p, q;y, z) is (I x J, I x J) Then, we have
[ f(p1,q1)] [G(p1, q1; 91, 21) G(p1,q1; Y2, %5) G, q1;9,2) | [ flyi, 21) Ay
f(p1,q2) G(p1,92; Y1, 21) G(p1,92; y2, %5) G(p1,92;Yi, 25) f(y1,22) :
f(p1,45) G(p1, 5391, %1) G(p2, 453 Y2, 25) G(p2, 453 Yi> 25) fy1, %)
f(p2,q1) G(p2,q1;91,21) G(p2, q1; 2, %j) G(p2, 913 Yis 25) f(y2,21)
f(p2,q2) G(p2,92; Y1, 21) G(p2, 423 y2, %j) G(p2, q2; Yis 25) f(y2, 22)
f(p2,45) G(p2,q5: 91, %1) G(p2, 953 Y2, 25) G(p2, 953 Yi> 25) f(y2, %)
f(pi, q1) G(pi, q1; 91, 21) G(pi, q13 Y2, %j) G(pi, q13Yi» %5) fyi,z1)
f(pi, q2) G(pi, q2; 91, 21) G(pi, q2; Y2, %j) G(pi, q2:Yi» %5) f(yi, 22)
| f(pivqj) ] | G(pisqj3 91, 21) G(pi» 45592, 2j) Gpi a5 9i>25) | |f(wi» %) | Ay
(IxJ,1) (IxJ, IxJ) (IxJ, 1) (IxJ1)

2.4 Stationary equilibrium

The competitive equilibrium of the economy is standard.

Definition 1 Given ko, a competitive equilibrium is defined as sequences of prices {w; }2,,
government polices {T;}7°,, aggregate allocations {Cy, Ny, Ky, Y;}32,, and individual

plans {ci,ny, ki 52, such that the following conditions hold:

(i) given {w;}°, and {T;}:°,, the plans ({Cta”takt}zo>ie[o,1] are optimal for the
household;



(ii) the labor market clears:

1
/ nidi = Ny = E(exp(z)),
0

forallt > 0.

(iii) the aggregates are consistent with individual behavior, Cy = fol cidi, Ky = fooo kf(k)dk,
andY; = fol 0; exp(z) A(ke)*(ng)=odi, for all t > 0.

The labor market clearing condition implies

/01 [gt exp(z)A(1 — 04)} kydi = E(exp(z)),

Wy

QI+~

which gives rise to the wage rate in general equilibrium

K «

w; = (1—a)A (#) E(6;), 4)
t

and then the rate of return to capital in general equilibrium

N l—a

The results of (4) and (5) are consistent with the aggregate production technology Y; =
E(9,) AKX N} .

3 Calibration

Table 1: Calibration from literature

Coeffecient of relative risk aversion | n =3

Time discount factor £ =0.95
Depreciation rate 0 =0.05
Capital income share a=1/3
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Figure 1: Value function and policy functions of households



4 Perturbation

4.1 Tax incidence (Gateaux derivative)

In deriving an optimal tax formula, we apply the variational approach (Piketty, 1997;
Saez, 2001). Consider a perturbation (a small deviation) from a given tax schedule. If
there is no welfare-improving perturbation within the class of tax system, the given tax
schedule is optimal.

We start with the incidence of tax, the first-order effects of tax reforms. For a given tax
schedule 7'(k), suppose that the economy converges to a steady state where the distribution
of state variables ® (k;), whose density is ¢ (k;) is stationary. We assume that the economy
starts from that steady state in period O .

Consider an arbitrary tax reform, which can be represented by a continuously dif-
ferentiable function 7(-) on R,. Then, a perturbed tax schedule is 7'(-) + u7(:), where
1 € R parameterizes the size of the tax reform. As in Golosov et al. (2014) and Sachs et
al. (2020), the first-order effects of this perturbation can be formally represented by the
Gateaux derivative in the direction of 7. For example, the incidence on the labour supply
1s

de(y, z) = /1}3(1) %[c(y, 2T+ ur) — c(y, 2 T)).

We can define similar incidences for other variables such as the indirect utilities of
individuals V' (ko, 2o), government revenue R;, and social welfare WW.

From now on,We mostly focus on the elementary tax reforms represented by 7(k) =
#(k*)]l {k > k*}, where 1 is an indicator function for a given level of capital £*. Under
this tax reform, the tax payment of an individual with capital above £* increases by a

constant amount and the marginal tax rate at capital level £* is increased by

TR

#(k*) (which is obtained by the marginal perturbation: 7/(k) = #(k*)ék* , where 0+
is the Dirac delta function at £* ). Note that with this tax reform, the increased government
revenue due to a mechanical increase in tax payment is equal to $1. We can focus on this
elementary tax reform without loss of generality, because any other perturbations can be
expressed as a weighted sum of elementary tax reforms. See Sachs et al. (2020) for further

details.

10



Euler equation. Performing perturbation on the Euler equation, we obtain

(B—D)5(y:) = G7'(s(ye)) + T — A, (6)

where

A= BE, [u” (c(y1+1)) (1 — T'(s(s()))5(5(y))

s(s(yt)) .
- /0 7'(m)dm —T(0) — é(s(yt))) (rees +1=0) | + BE (c(141)) Prsrs
(6 a)
B = BE[u” (c(yr41)) ((reea + 1= 6) = T'(s(s(y)))s (s () — ' (s(we)))

% (resr +1—0)], (6 b)
D = (c(y)) T" (s(w) — " (c(yn)) (1+T'(s(w)))” (60)
G =u'(c(yn)) 6 d)

s(yt) R
T =u"(c(y)) (:&t - /0 7'(m)dm — T(0)> (1+T"(s(ye)) - (6e)

Incidence of tax on consumption.
We know ¢; = y; — T'(ky1) — kigr-

cp + pcy
s(ye)+ud(ye) ) . . R
z%—/ T'(m) + o' (m)dm — T(0) — T (0) — s(y) — ()
0
s(yt)+pd(y:) ) 5(ye)+15(ytr) ) R R
:%—/‘ zmem—/ ' (m)dm — T(0) — T (0) — s(y) — ()
0 0
stw) , ) sw) - .
=y — / T'(m)dm —T(0) — s(y:) — T'(s(y)) puS(ys) — / pr'(m)dm — pT(0) — ps(y).
0 0

(7
Then,

s(yt) R
a:—u+T@@mW@»—A (m)dm. — T(0).

11



Incidence of tax on government revenue. As any government revenue, denoted as
R, is subsequently redistributed to households in the form of lump-sum transfers. Subse-

quently, we obtain the following relationship:

0= / T T(s(y) fy)dy

oo s(y)
-/ (Tm) -/ T’(m)dm) Fy)dy
oo rs(y)
=T(0)+ /0 /0 T'(m)dmf(y)dy.
Then, we have

ro--[" | " ) ().

Therefore,
oo rs(y)
R=-T(0) = / / T'(m)dmf(y)dy.
o Jo
and
R=—T(0).
We know

R+u]:2

oo prs(y)+ud(y) A
_ / / (T'(m) + 7' (m)) dm(£ () + 2 () )dy

oo rs(y) % (8)
_ / / T (m)dm f (y)dy + / T'(s(y))us(y) F(y)dy
oo prs(y) N oo rs(y)
+/0 /O T (m)dmuf(y)dk + /0 /0 pr' (m)dmf(y)dy.
Hence, we obtain
. 00 oo s(y) ~
R [ Tewsosmas [ e e o)

12



S5 Optimal non-linear estate taxation formula

We have social welfare W = >3 8" [~ u(e) f(y)dy = 125 [y u(c) f(y)dy, Then,

we perform perturbation on social welfare,

. 1 00 A 1 o0 ~
W = m/o u(e) f(y)dy + m/{) u(c) f(y)dy
1 oo . R 1 o0 A
-1 /0 W' ()é(y) f(y)dy + 15 /0 u(c) f(y)dy
1 . ) s(ke) .

G(s*(k)) f( . k
)) (F)) = D(s*(k ))1 1—5/
—6/ (/OOO )5 Df(k)dk> f(k)dk
—ﬁ / (/0 /0 T'(m)dm f(k)dk + 1) k)dk + _/

We need W = 0 to obtain the optimal socila welfare,

(10)

1 — F (k)

T = 57

ANK) A+ B+C+D+E+F),

13



where

_ [B(k") =Dk K
(k*)

( ) ygmdy’

A (k)

6 Numerical experiment

7 Conclusion

14



Appendix A Derivations and proofs

A.1 Proof of tax incidence on consumption

Based on equation (1),
V(k’t, Zt) = u((Tt + 1 — 5)kt + Wt eXp(Zt) — T(kt+1) — kt-i—l) + BEtV(kt-i-h Zt+1) (11)
Taking the derivative of equation (11) with respect to k;. yields

0= —u'((re+1—0)ke +wpexp(z) = T(ker1) —kerr) (1 + 1" (ki) + BE VS (Kesn, 2e41)-
(12)
Deriving equation (11) with respect to k;, we have

‘/,;c/(k:t7 Zt) = u/((rt + ]_ — 6)]@5 + Wt eXp(Zt) — T(kt+1) — kt-‘rl)(?ﬂt + ]_ — (S)
Hence,

Vi(ker1s 2e01) = 0/ ((res1 + 1= 0) ki1 + wigr exp(zig1) — T(kiso) — ki) (11 + 1= 0).
(13)
Combining equations (12) and (13), we obtain

BE ((re41 + 1 — 0)kig1 + wipr exp(ze41) — T(kego) — Fiyo) (regr +1 = 0)

(14)
:’U,/((Tt +1-— 5)]{315 + wy eXp(Zt> — T(l{?t+1) — kt+1) (1 + T/(kt+1)) .

This is Euler equation.
We denote k1 as s;, and y; = (r, + 1 — 0)ky + w,exp(z;). Fully differentiating

15



equation (14), we obtain

BEw ((re41 + pfee1 +1—0)(s¢ + pde) + (wiy1 + pber1) exp(zey1)
/St+1(8t(k)+ﬂ§t(’f))+#§t+1(St(k))

T/ (1) + o’ (m)dm — T(0) — pT(0) — sps (51 () + 18u(k)) — e (s:(k)))

0
X(Tt+1 + preer + 1 — (5)

st(k)+ude(k)
=/ <(rt + ury +1—96) ke + (wy + pawy) exp(z) — / T'(m) + pr’(m)dm — T(0) — uT'(0)
0

— st(k) — psi(k)) (1+ T (se(k) + psi(k)) + pr'(si(k))) -
15)

We first focus on the first row of equation (15),

(re1 + preer + 1= 0)(se + pde) + (weg1 + pades1) exp(zi41)
=(re41 + 1 = 0)sp + weg1 exp(2eq1) + P18 + pde(re1 + 1 — 6) + pabeyr exp(ze41)

=1 + fep1Se + 8¢ (regr + 1 — 0) + palygr exp(2e41).
(16)

16



The first part of second row in equation (15),

st+1(se(k)+udi(k))+udet1(se (k) .
/ T'(m) + p7'(m)dm — T(0) — uT'(0)

0
st1(se(k)+use(k))+uder1(se(k)) N
L/ i (m)dm. — T(0) — u(0)

T'(m)dm —

/‘St+1 (st(k)+use(k))+pderi(se(k))

0
/8t+1 (5¢(k))+stpq (se(k))pde(k)+psdiq(st(k))

0

st1(se(k))+sty 1 (st (k))ude(k)+pder1(se(k))
T'(m)dm — / ut'(m)dm

—T(0) — uT'(0)

0

stt1(st(k))
= [ G = 0) = T 11 ) [ () + (4]
st41(st(k))
= im0 [ O 0) + a5 9)] — T 0)
st1(se(k))
[ T = TO) = T (0 [ e R 8) + s (1)

se+1(se(k)) .
—/ pt'(m)dm — pT(0).
0

(17
The second part of the second row,
— sea(sulk) + (k) = e o1 (8) s
= — sp41(5¢(k)) — siy1(se(k))use (k) — pdepa(si(k)).
The first part in fourth row,
(re + pre + 1 —0) ky + (wy + pay) exp(z) (19)

=y + priky + pady exp(z).

17



The second part in fourth row,

st(k)+usi(k) .
— / T'(m) + p7'(m)dm — T(0) — puT'(0)
0
se(k)+psde (k) st(k)+pse (k) N
= — / T'(m)dm — / pt'(m)dm — T(0) — uT(0)
0 0

se(k) )
=— /0 T'(m)dm — T'(si(k)) s (k) — /0 ur' (m)dm — pr' (se(k)) s (k) — T(0) — uT'(0)
se(k) o) A
_ /0 T'(m)dm — T(0) — T'(sq(k) s (k) — /0 ! (m)dm — ' (0),
(20)
The last row,
L4 T'(s(k) + pdi(k)) + pr'(s:(k)) on
=1+ T'(s¢(k)) + T"(s:(k))pse(k) + pr'(s:(k)).

Then, we have

se+1(se(k))
BE KUI (yt+1 - /0 T'(m)dm — T(0) — 3t+1(3t(k))>

st+1(st(k))
+ o (yt+1 — / T'(m)dm — T(0) — 3t+1(5t(k))> (prer18e + puse(reg1 + 1 —6) 4 pabey1 exp(ze41)
0

st+1(st(k))

— T'(se41(5¢(k))) [ (se(k))ude(k) + pdep (se(k))] — /0 pr’ (m)dm — pT'(0) — sy (st (k)i (k)

— pdir1(8e(k)))) (res1 + piee1 +1 = 9)]

st(k) st (k)
= [u <yt - /0 T'(m)dm — T(0) — st> +u (yt — /0 T'(m)dm — T(0) — st>

st(k)

X (Mf’tkt + g exp(2¢) — T'(s4(k)) s (k) — /0

pr' (m)dm — pT'(0) — u@(@)]

X (L4 T (s0(k)) + T (su(k)se (k) + o (so(k))
(22)

18



Futhurmore,

se+1(se(k))
BE [(u' (yt+1 - /0 T'(m)dm — T(0) — 3t+1(8t(/€))>

st+1(se(k))
+ o (yt+1 — / T'(m)dm — T(0) — 5t+1(5t(k)>> (Pey15t + pabgy 1 exp(ze41)
0

st+1(st(k))

= T'(st41(se(k))) s (se(k)) — /0 pr' (m)dm — pT(0) — pdea(si(k)))) (rep1 + prgn +1=0)

st+1(st(k))
+18: (k) BE [u” (yt+1 —/0 T'(m)dm — T(0) — St+1(8t(k))>
X ((regr +1=60) = T'(se11(56(k))) 81 (56(k)) — 8441 (56(k))) (regr + pepr + 1= 6)]

= (yt B /sz(k) T'(m)dm — T(0) — st) (14T (s4(k)))
0

o
> >
N— ~—

(23)

19



Eliminating the terms that are equal on the left and right sides, we have

st+1(st(k))
BE [U” <yt+1 - / T'(m)dm — T(0) — $t+1(5t(k‘))> (pe18¢ + pdeg1 exp(2er1)
0

st+1(se(k))

T sy (51 (B))) s (54 (R)) — /

0 ! (m)dm — uT(0) - M§t+1(5t(k‘))> (reer+1— 6)]

. se1(se(k)) ) A
+0Eu | yp1 — / T (m)dm — T(0) — sg+1(s¢(k)) | w41
0

st+1(s¢(k))
+p8¢ (k) BE: [U” (?Jtﬂ /0 T'(m)dm —T(0) — 5t+1(5t(k')))
% ((reer + 1= 8) = T (041 (80(k))) s 41 (51(F)) — 8031 (50(R))) (regn +1 = 8)]

st (k) st (k)

=u’ <yt — /0 T (m)dm — T(0) — s¢ | T (s¢(k))pude(k) + o’ (yt — /0 T (m)dm — T(0) — 3t> ut’ (s¢(k))
st (k) st(k) .

+u (yt — /0 T (m)dm — T(0) — s; <,uftk:t + paby exp(ze) — /0 pr'(m)dm — uT(O)) (1+T"(s¢(k)))

st (k) 9
! (yt _ /0 T (m)dm — T(0) — St> (1 4 T/(st(k))) wse (k).
(24)

Then, we have

(B—D)5(k;) = G7'(s(k;)) + T — A, (25)
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where

A:BEt

s(s(ke))
u” (yt+1 - /0 T'(m)dm — T(0) — S(S(kt))> (Per15t + Wesr xp(ze41)
s(s(kt)) .
— T'(s(s(ke)))3(s(kt)) — /0 7'(m)dm —T(0) — é(S(’%))) (reva +1 - 5)]

s(s(ke))
+ BE/ (ytH — / T'(m)dm — T(0) — s(s(kt))> Tit1, (25 a)
0

s(s(kt))
u” (?Jt+1 — /0 T'(m)dm — T(0) — S(S(kt)))

X ((resa +1—08) = T'(s(s(ke)))s' (s(ke)) — 8" (s(ke))) (re1 + 1 = 9)], (25D)

s(ke)
D <y - [ T -0 - s(ko) T (5(0)

BzﬁEt

s(ke)
— (yt - i T'(m)dm — T(0) — s(k:t)> (1+ T'(s(kt)))2 , (25¢)
s(kt)
G=1u (yt — T'(m)dm — T(0) — S(k’t)> , (25 d)
s(kt) s(kt) R
J =" (yt — /0 T'(m)dm — T(0) — s(k:t)> (ﬁkt + g exp(z;) — /0 7'(m)dm — T(O))
X (14+T"(s(ky))) - (25¢€)
We have
/ T'(m)dm = T(s(k)) — T(0). (26)
Then, )
/ Y 1 m)dm + T(0) = T(s(ky)) 27)
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We also know Cy = (Tt +1-— 5)kt + wy eXp(Zt> — T(kt+1) — kt—i—l-

Cct + ,Ltét

s(kt)+ns(kt) .
(o1 i+ 1= 8k (i + i) explz) — | T/(m) + 7' (m)dm — T(0) — 7 (0) — ey
0

s(kt)+nus(kt) s(kt )+ (k)
=(ry + 1 — 0)ky + priky + wy exp(z;) + paby exp(z;) — / T'(m)dm — / ut'(m)dm
0 0
—T1(0) - #T(O) — ki
s(kt)

=(ry +1—0)kt + weexp(z) — / T'(m)dm — T(0) — kyy1 + puriky + pigexp(z) — T'(s(ke) ) (k)
0

s(ke) R
—/ pr'(m)dm — uT(0).
’ (28)
Then,

s(ke)
6y = ko + oxp(z )iy — T/ (s(k))3(k) — /0 #(m)dm — T(0).

A.2 Proof of tax incidence on government revenue

As any government revenue, denoted as R, is subsequently redistributed to households

in the form of lump-sum transfers. Subsequently, we obtain the following relationship:

0= /OOO T(s(k)) f (k) dk

_ /0 h (T(O)+ /0 " T’(m)dm) F(k)dk
—T(0) + /O N /O £ (k)

Then, we have

T(0) = — /0 b /0 " ) )
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Therefore,

and
R =—T(0)
We know
R+ uR
s(k)+ps(k) ~

/ / (T'(m) + ' (m)) dm(f (k) + uf (k))dk

0o rs(k)+us(k) R)+us(k ;
_ T (m)dm(f (k) + uf dk;+/ / o ()RR + )

0o ps(k)+us(k) s(k)+ns
_ e m)dmf (k dk:+/ /kﬂb m)dmyf (k)dk

oo ps(k)+us(k)

pr' (m)dm f (k)dk

+

oo prs(k) o ps(k) N
T'(m)dm + T'(s(k))us(k) f (k)dk + /0 /0 T (m)dmuf (k)dk
s(k)

ut' (m)dmf(k)dk

8

O\C\C\C\c\c\

+

I
O\;NNO\NN

o0

s(k)

(9] oo prs(k) .
T'(m)dmf(k )dk—l—/o T’(s(k))ué(k)f(k)dk+/0 /0 T'(m)dmuf (k)dk

[

Hence, we obtain
fz:/ T'(s dk+// T'(m)dmf (k dk+// m)dmf (k
0 o Jo

(30)

(29)
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_ grl(s(k)+T—A

From equation (25), 5;(k) —=, substituting it into above equation, we obtain

B-D
. [e%s) 7_/ s _ oo S(k) N
B= /0 (k) T (’;)ﬁpj A o)k +/0 /0 T (m)dm f (k)dk + 1
e Gl (h) SR [ T A
=T O B e T Py T Wk D
oo prs(k) .
+/ / T (m)dm f (k) dk + 1.
From equation (6), $;(y) = %, we obtain
s(y) R
f= = (TG0~ [ m)dn =T (32)
= (T 0) + T s e o | T )G f)dy
(33)
oo rs(y) R s(y)
+/0 /0 T'(m)dmf(y)dy + 1 — /0 7'(m)dm. (34)
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A.3 Incidence on social welfare

We have social welfare W = 372 8" [ u(c) f(k)dk = 15 [;° u(c) f(k)dk, Then,

we perform perturbation on social welfare,

5 dk+m/
k) f dk+m/
)3(k) - / (m >dm] F(k)dk
T (k) g 8(2)()1f( 0 1—6/
;/ /OOO B - (k)dk) F(k)dk
/ (/0 /0 T’(m)dmf(k)korl) dk+—/

C

—5

: /

IS ‘

()

— |

(35)
We need W = 0 to obtain the optimal socila welfare,
o G(s*(k)) f(s*(k) [,
T ) B = D T Ry , VO
00 s(kt)
:/ u'(c) | ket + exp(z)wy — T'(s(ky))8(k) — / T’(m)dm] f(k)dk
0 0 (36)

| <k>>‘; — 2 e ) @k

(
R

/OO T’ ydmf(k dk:+1> f(k )dk+/ u(e) f(k)dk.
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G(s*(k)) f(s™(K) o0 :
We use h to denote gr—757=5 () T (1) Jo u'(c) f(k)dk. We obtain

oo s(k)
T'(s (k) = /0 W () | k7 + exp(2)ib — T'(s(k))5(k) — /0 T’(m)dm] F(k)dk

+% /OOO W (0) (/OOO T'(s(k))‘g - ;lf(k)dk> f(k)dk

oo oo ps(k) . PN
[ ( [ T’(m)dmf(k)dk+1) Fak+ 5 [ o) fekyar
G7)

Rearranging above equation, we obtain We need W = 0 to obtain the optimal non-linear

taxation,
JNWﬁféﬁg?Mwﬁ¢+%+%+@+£+ﬁL

where - B) — DR

M) = P 2R,

e WO\ fW)
“= . (1‘ » )1—F<k*>dy’
2= [ ue) (b + explz)) Flo)dy
¥ Jo 7
¢ = [ T(sw) L2y,
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Appendix B Computation algorithm
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